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Abstract

There has been a long history in the study of recurrent time to event data. However,
very often the event itself is not instantaneous, but has a time span of its own. In such cases,
the data can be looked upon as an alternating sequence of two separate recurrent events.
These event times are usually correlated both over recurrences as also over the two distinct
events. In this paper we review two ways of modeling such event time data.
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1. Introduction

In life-time data analysis, one often comes across the problem of recurrent events,
that is events which repeat after a certain interval of time. Examples include, relapses of
the disease in individuals suffering from cancer, times to first/post-repair failures of any
machine and days of periodical unemployment among agricultural labourers. The time
intervals between such repetitions are usually unequal and may often exhibit certain patterns.
Comprehensive reviews of early studies in this area can be found in Kalbfleisch and Prentice
(2002) and Clayton (1994).

However, very often the recurrent events are not instantaneous but have themselves
a life-time of their own. This gives rise to a sequence of alternating life-times. For example,
when one is looking at the time to relapse of cancer, one also has intervening times of
treatment, 7.e. time to cure, before one can again start to measure the time to the next
relapse. Similarly, the recurrent time-lengths of unemployment are sandwiched between
recurrent times of employment, and recurrent times to machine failure are separated by
recurrent repair times. Thus one would be faced with alternating sets of times for two
alternating complementary events. Data of these kind are termed as “recurrent episode”
data or alternating state data (Hougaard, 2000).
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There have been very few studies on such alternating recurrent events. Gap time
methods have been applied by Lin, Sun and Ying (1999), Wang and Chang (1999) and
Pena, Strawderman and Hollander (2002), while Yan and Fine (2008) used temporal pro-
cess regression to analyse recurrent episode data in cystic fibrosis patients. Sen Roy and
Chatterjee (2015) analysed data of this kind without considering the correlation between
the alternating events.

In this paper we compare two techniques as developed by Chatterjee and Sen Roy
(2018(a) and (b)) for modelling alternating sets of times under right-censoring, where the
censoring occurs primarily because of either loss to follow-up or withdrawal or the termi-
nation of the study. The first, a parametric method, uses a bivariate distribution to take
account of the dependence between the two event times. The joint distribution is obtained
from the marginals through a bivariate copula. Since the moments of the bivariate distri-
bution are likely to exhibit some pattern, the parameters of the model are linked through
functional relationships to capture this dependence over the cycles. In the second method,
the semiparametric Cox Proportional Hazard (PH) model is used, with the dependence over
the cycles and across the two events structured through an autoregressive type model.

The paper is organized as follows. Section 2 introduces the model and discusses the
underlying censoring mechanism. Section 3 discusses the first method, including the choice of
an appropriate copula function. The second method is discussed in Section 4. A motivation
for the study was the clinical trial data on patients suffering from cystic fibrosis as reported
by Fuchs et al. (1994). Section 5 contains a comparative study of this data based on the
two methods. Some concluding remarks are made in Section 6.

2. The model

Consider two events E and F', where F' is the complement of E. We also use £ and F
to denote the two alternating states i.e. an individual in state E is faced with the event F,
after which he is in state F' and facing event E. Assume for the moment that all individuals
start in state £/. We then have an alternating sequence of E’s and F’s. Let X and Y denote
respectively the lengths of times in states £ and F' i.e. X is the time to the event F' and Y
is the time to the event E.

Suppose there are n individuals in the study. If for the i** individual, i = 1,...,n,
there are m; recurrences of each event, we have for this individual a sequence Xy, - -+, X;,,.; of
E-times each culminating in event F and a sequence Y3;, - - - , Y,,,; of F’-times each culminating

in event E, assuming of course that there is no censoring. (Xj;,Y};) then gives the complete
cycle for the j™ recurrence with time length X; + Yj;.

Before constructing the likelihood function some assumptions made above need to be
relaxed. Firstly, it is not necessary that all individuals are in state E when they enter the
study. Similarly, an individual need not necessarily be in state F with an event E occurring
at the termination of his observation. In fact the observations need not end with any event
and an individual may voluntarily withdraw from the study or may be lost to follow-up while
in any of the two states. For example, in a study on time to cure and time to relapse, the
death of an individual during the study period may be taken as a loss to follow-up. All these
can be looked upon as censored observations. To incorporate these into the model we define
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for the i*" individual the following indicator functions :

1 forall j=2,--- m;
;=49 1 if j=1 and the ¢ individual starts in state E
0 if j =1 and the ' individual starts in state F

1 forall j=1,--- (m; —1)
1 if j =m; and the i** individual withdraws in state F
09 = or ends by experiencing event E
0 if j=m,; and the i*" individual withdraws in state E
or ends by experiencing event F

While d7;; is an indicator of whether the i individual enters the study in the E or
the F state, 05, indicates whether the individual leaves the study either during or at the end
of the E or F state. Further to mark whether the event is observed or censored in the last
stage, we use d1j; and dy5 to indicate whether the it" individual exits with an E-event or an
F-event or is censored while in state E or in state F respectively, where

1 forall j=1,---,(m; —1)

01ji =4 1 if j=m,; and the it" individual experiences event F
0 if the i*" individual withdraws while in state E atj = m;
1 forall j=1,---,(m; —1)

Ooji = if j =m,; and the i"* individual experiences event E

O =

if the i*" individual withdraws while in state F atj = m;

3. Method 1

In modelling these recurrent event-times, it is obvious that for a given individual, the
Xj;i’s and Y};’s will be dependent, both over X and Y as also over the respective sequences.
However, joint modelling of (Xj;,Yj;) for j = 1,...,m; would be difficult, if not impossible.
An alternative would be to begin by assuming that the sequence of Xj;’s and Y);’s have the
same distributional form, say, F'x(x,0;) and Fy (y,n;) respectively, where 6; = (6y,,...,0,;)
and 7n; = (mj,...,n4) are respectively the p and ¢ dimensional parameter vectors which
characterize the two distribution functions. To accommodate the relationships between the
Xji’s, let, foreach k = 1,...,p, gr(h, o)) be continuous and differentiable functions of ~ which
are characterized by the ri-dimensional parameter vectors ay’s. Then for j =1,...,m;, the
parameters ¢; are linked through 6y; = ¢x(j, ax), k = 1,...,p. Similarly, the relationships
between the Yj;’s are modelled through the parameters as n; = h(j, ), [ = 1,...,q and
j=1,...,m;, with 5;’s the s;-dimensional parameter vectors characterizing the continuous
and differentiable functions h; for [ =1,... q.

The g and h; functions are not predetermined. For a given data-set, estimates of
the parameters 6; are first obtained by separately fitting F'x(x,0;) for each of the cycles,
Jj=1,...,m;. Then plotting each estimated 0;; against j, an idea of the functional form of
gr(J,ax) for k = 1,... p can be envisaged. The functional forms of the elements of h; can
be obtained similarly.
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The g, and h; functions allow us to capture the pattern that the two events exhibit
over the cycles. However, the inter-relationship between the Xj; and the Y}; are still to be
accounted for, and this we do through the use of a copula.

As is well-known, a copula is a function through which a multivariate distribution
function can be built from the univariate marginal distributions of each of the variables. A
bivariate copula can thus be used in our model to find a functional relationship between Xj;
and Yj; for each j. Thus if C denotes the copula function, then under the assumption of
continuity of Fx, and Fy,, it follows from Sklar (1959) that the joint distribution of X; and
Y is

FX]-YJ-(:Ea%Cj) :C(FXj(I70j)7Fi/j(y’n])?gj)? (1)

where &; is a dependence parameter and ; = (6;',1,', ;).

Let C{(u,v), C{,u,v) and C}y,(u,v) denote respectively the first and second deriva-
tives of ' with respect to u and v. Defining the marginal probability functions of X;; and
Yj; respectively as fx,(z,0;) and fy,(y,n;), the joint probability density function of (Xj;, Y;)
is then

Ixiv; (i, v5i, ) = Clg my (Fixy (250, 05), Fy, (50, m5), €5) Fx; (256, 05) vy (e, m5)- (2)

Since by our assumption, X;; precedes Yj;, the survival and hazard functions of X;; can be
obtained directly from the marginal distribution function as

Sx; (@i, 0;) = 1 — Fx,(xi,0;) (3)
d

and )\Xj(l'ji,ej> = _d lnSXj(a:ji,Gj), (4)
X ji

respectively. However, the survival and hazard functions for Yj; will be conditioned on
X,i = ;. Since the conditional distribution of Y;| X, = x; is

Fyyix; Wi Glogi) = Cryo (Fx (253, 05), Fy; (Y56 m5), €5) (5)

these are given respectively by
SY]-|Xj(yjz‘7<j|xji) = 1—F19|Xj(3/jiaCj’$ji) (6>

d

and Ay x; (Y, Gilzji) = _dyjilnSYﬂXj(yjiaCj|xji)' (7)
However, like the 6;;’s and 7;;’s, the dependence parameters §;’s are also likely to
be related over the cycles for j = 1,...,m;. This is accounted for through the relation
& = u(j, k), where K = (K1,...,Kq)" is the d-dimensional parameter vector characterizing

the continuous and differentiable function w.

We define the r = Y} _; 1}, dimensional vector o = (), ..., a;) and the s = 3 5
dimensional vector 3 = (f1,..., ;)" and write v = (o/, #', k)" as the (r + s + d)-dimensional
vector of unknown parameters. The likelihood function is then constructed by considering
for each individual and each cycle the marginal survival and hazard functions of the E-times
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Xj; and the conditional survival and hazard times of the F-times Y};|X;; = ;. This leads
to

l(v) =Ula, B,6|(xj,y5), 5 =1...,my,i=1,...n)

n o m;

=1I1I [{SX 5i, 8(J, @) {ij (i, 8(J, Oé)>}§1ﬁ}6fﬁ

i=1j=1

{Syjp(j (yji, g(].’ a)7 h(j, 5% u(], K,)) {)\leXj (yjia g(j, Oz), h(ja ﬂ)a U(]a 5))}52ji}5;ji] (8)

Building the score vector and the information matrix by taking first and second
derivatives with respect to v = (o/, 5, k), the maximum likelihood (m.l.) estimates 7 =
(&, B k)" can now be obtained simultaneously by the Newton-Raphson method. This for
any cycle j leads to the estimator é:j = (QA;, s éj)/ of the model parameters and hence to the
estimators S X].(:Ej,-,HAj) and Sy].‘ X; (456, G;|255) of the respective survival functions and their
corresponding hazard functions.

The likelihood function (8) depends on the copula through equations (3-7).
Hence it is necessary to choose an appropriate copula before maximizing the likelihood
function. Owing to its simple form which is easy to work with, the Archimedean copula is
a popular choice for modelling bivariate distributions (Nelson, 2006). Its added advantage
is that it caters to a variety of dependence structures including Kendall’s 7, which can be
evaluated directly from its generator Genest and Mackay (1986). Shih (1998) remarks that
in survival studies, the Clayton copula, a member of the Archimedean family, is probably
the most widely used, primarily because of its mathematical convenience and attractive
properties. In this paper we tried different copulas under the Archimedean set-up, but
eventually found that the Clayton copula gives the best fit.

4. Method 2

Next let the E-times depend on a set of p covariates z = (z1, . .., z,) while the F-times
depend on a set of ¢ covariates w = (wy, ..., w,). Then the Cox PH models for the hazard
functions for the j** cycle of the E and F times are

Aoj(jin2;) = Amoj(ai)e’s™
Arj (Ui w;) = Aroj(y;i)e™
where 6; = (0;1,---,0;,) and n; = (91, ,1n;q)" are the p and ¢ dimensional vectors of

coefficients, and Ago;(z) and Arg;(y) are the baseline hazard functions. Of course, in our
study, there are no exogenous covariates. However, to account for the dependence over the
alternating sequences, we assume a first order autoregressive-type model where z; depends
on y;—1 and x;_;, while y; depends on z; and y;_;. Of course, this can be easily extended
to a higher-order model, but for simplicity and because the number of cycles will generally
be small, we restrict ourselves to the first order only. Defining o = 0 and y, = 0, this leads
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to the hazard model

Aej(Tjis 25y Vi) = Amog(ays)elra-nitiesi )
Agoj (5:)e Y7
Arj (Yjis Wiis Xja) = Aoy (yze) el 97206 -00)
= )‘FOJ(yyi)e‘r e

where yj;; = (y(jfl)iax(jfl)i)la Xy = ($jia y(jfl)z’)la M= (Ml,/m)/ and v = (71772)/'
The corresponding survival functions are

/ ..
6“ Yiji

Sri(ji, 2ji,yji) = [Spoj(@:)]
e Xt
Sri(Yji, wji, x51) = [Sroi(y0)]” 7
where Sgo;(z;:) andSpo;(y;i) are the respective baseline survival functions.

For m = max m;, the likelihood function based on the m; recurrences of each of the
n individuals is then

|x]2ay]z) ~7mi,i:1,...n)

(
075 2ji 035
[{SE]Z zji, Yii) { A gji(xji, ygz)}él“} {Ssz‘(%’h X;i) ANr5i (i, in)}(S } }

)
2

I
s
ek

s
Il

-
<.
Il

—-

Il
||:]:
||",:]3

{)\EOJ a’;]z 6/J' YJZ}(SlJz 177’{6 AEU] sz et Yji }61j2:|

{)\FOJ (yﬂ)e’Y Xji }(5231 2]Z{€ AFO] yﬂ Xji }62]1:|
= Lo ) = Ve = el (3o )G = 1o = Lm), (9

Apoj(xj;) and Apo;j(yj;) being the baseline cumulative hazard functions of E and F, respec-
tively.

Equation (9) shows that the likelihood function decomposes into distinct F and F
components. Hence treating the two components separately, and interchanging the order of
the product, the partial likelihoods for the two components are obtained as

ﬁ ﬁ eM'Yii 015103 ;;
e = 1111 - (10)
j=l:=1 Els%E;(xﬂ) ek i
( ) ﬁ Tﬁ o' Xji 0251055 ( )
and plF Y - l 7 ] 11
j=14=1 le?RFJ (y5i) eV i

where ng; and ng; are respectively the number of individuals in the risk sets ¥g; and Rp;
at the beginning of the F and F states of the j'* cycle.

In order to find the estimates of the parameters involved we treat the two equations
(10) and (11) separately, and obtain their score vectors and information matrices. The
Newton-Raphson method can then be used to solve for the estimates.
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5. Numerical examples
5.1. The rhDNase data

In this section we analyse the cystic fibrosis data as reported by Fuchs et. al. (1994).
Cystic fibrosis is a genetic disorder that can cause chronic infection. The infection produces
thick, sticky mucus that clogs the respiratory organs and can recur several times in a patient’s
lifetime. Each infection can have different times to cure. In 1992, a trial was conducted to
test the extent to which rhDNase could reduce the clogging as compared to placebo. Of
the 647 patients, 322 were placed under the treatment and their times to cure as well as
times to the next infection were recorded. Several recurrences are observed for some of the
patients. However, data beyond the 3¢ recurrence is sparse. Fuchs et. al. (1994) restricted
their study to the first exacerbation only.

Therneau and Hamilton (1997) considered the successive exacerbation although as
independent occurrences. Chang and Wang (1999) and Huang and Wang (2005) implemented
the Gap time method to analyze the episode lengths but considered them independently of
the frequency. Moreover, their assumption of conditional independence of the gap times
did not match the empirical findings. However, none of the previous studies considered
estimating the survival times of both infection and cure assuming a dependence structure.

In using our technique we assume the onset of the infection as event F (state E being
the non-infection period) and cure as the event E (state F being the period of infection).

5.2. Method 1

In the first method, to guess the underlying distributions, the Kaplan-Meier (KM)
estimator (Kleinbaum and Klein, 2012) is used to obtain rough fits to the data for both the
infection and cure times for each of the cycles. Four alternative distributions, the lognormal
(LN), the Loglogistic (LL), the Gamma (G) and the Weibull (W) are then fitted to each of
these times and these are mapped on to the corresponding KM curves. The goodness of fit
for each distribution is judged using a technique common in functional data analysis. This
requires recording the survival probabilities at several selected time-points on each of the five
fitted curves. The sum of squares (SSE) of the difference between these values for each of
the four curves against the corresponding values on the KM curve are then computed. The
curve with the minimum SSE is then selected. For our data, the Weibull gives the best fit for
both the time to infection and the time to cure for most of the cycles and particularly for the
first three. Since the data from the fourth cycle onwards is sparse, the Weibull distribution
is selected to model the two event times.

Writing the marginal distribution of the j™ time to infection (X;) as W (6, 6s;),
01;,02; > 0 and the marginal distribution of the j time to cure (Y;) as W (n1;, M), N1js 25 >
0, individual Weibull distributions are fitted to each cycle to get initial estimates of the scale
parameters ¢;; and 1;; and the shape parameters 6,; and 7y, for each j. A plot of each of
these against j is shown in Figure 1. Although the plot for 7; is not very conclusive, we
assume the following relationships:

o (aritarz)) C— (a214ajg).
0, =e and 0y =e

I

My = eBui+bi2i) 414 Noj = €(B21+,322j); j=1,--- 4. (12)
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Figure 1: Functional forms of the estimated Weibull parameters over the stages

Next taking &; as the dependence parameter, the joint distribution of (X;,Y;) is
constructed for the j* cycle using the Clayton copula.

Computing Kendall’s 7; for each j, where 7; = (C; — D;)/(C; + D;), C; and D; being
respectively the number of concordant and discordant pairs in the j™* cycle, the estimates of
¢, are obtained from the relation &; = 27;/(1 — 7;), which holds true for the Clayton copula.
The values across the cycles indicate that a constsnt §; =-0.28 can be assumed for all j. The

negative value of fj is justified since it is expected that the more severe is the case, the longer
is the times to cure and the shorter is the time to the next relapse.

WI'ltlIlg the likelihood function in (8) in terms of (0611, 19, a1, (X929, 611, 612, ﬁgl, 622)/
and solving by Newton Raphson method, the estimates as shown in Table 1 are obtained. The
corresponding estimated standard errors are also shown in brackets. Finally, the estimated
hazard curves for infection and cure are obtained as shown in Figure 2.

The left panel relates to the time to infection, and both for placebo and treatment,
the hazards are increasing over cycles, which means that more the recurrences the quicker
is the chance of the next recurrence. For the placebo, although initially decreasing slightly,
the hazards remain, more or less constant, over time. However, for the treatment, except
for the first cycle, the hazards are intially low but increases over time. This means that
with time the chances of catching an infection increases. What intrigues us is that for the
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second and third cycle the hazards for treatment are greater than that of the palcebo after
a given time. This is counter-intutive and needs to be more closely looked into. For time
to cure, the right panel shows increasing hazards for both placebo and treatment over all
the cycles, with the latter dominating the former in general. This implies that cure under
treatment is faster than that under placebo. And as expected, the hazards for both placebo
and treatment increases over cycles, implying that in either case, with successive recurrences,
it takes longer to get cured.

Table 1: Estimates of the parameters and their standard errors along with 95%
C.I.

Time to infection Estimates std. error 95% C.I.
o1 -3.4152 0.6560 (-3.4868,-3.34354)
12 -0.5144 0.4103 (-0.5592,-0.4696)
Qo1 0.294 0.1416 (0.2785,0.3095)
Vo -0.2357 0.0814 (-0.2446,-0.2268)
Time to cure Estimates std. error 95% C.I.
B 2.8855 0.7307 (2.8057,2.9653)
b2 2.3647 0.514 (2.3085,2.4208)
(o1 0.2239 0.1058 (0.2123,0.2355)
oo 0.3011 0.0523 (0.2954,0.3068)

5.3. Method 2

In this section, we use the Cox model with the autoregressive-type event-time struc-
tures. Table 2 shows the autoregressive coefficients obtained by solving the partial likelihoods
(10)-(11). Joint testing of Hoy : (1, 2) = (0,0) and Hopg : (71,72) = (0,0) shows that the
current times of relapse and cure are significantly dictated by their past values. In Figure 3,
the hazard curves are plotted against the baseline hazard for both treatment and placebo.

Intersetingly, the left panel of Figure 3 corroborates the fact that hazard of infection is
greater under the treatment than under the placebo. However, as in method 1, the cure-time
is faster under treatment than under placebo for all the cycles.

Table 2: The estimates of the regression parameters and their standard errors

parameters | Estimates | standard errors
(11, p12) (0.09, 0.009) (0.003, 0.001)
(71,72) (0.02, 0.06) (0.002, 0.004)

6. Some concluding remarks

In this paper we have considered two different methods for modelling alternating re-
current event times. The first models the dependence structure through a bivariate copula
and relationships of the cycle parameters, while the second uses the Cox PH model with
the dependence brought in through autoregressive structures. The methods are illustrated
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through the cystic fibrosis data-set. Except for the first-cycle time to infection under treat-
ment, the patterns in each of the two methods corroborate each other.

The first method, since it directly models the pattern over cycles, is likely to give
smoother and sequenced hazard curves. However, if one is interested in the small twists and
turns, the second method might be preferred.

The study can be extended to other forms of censoring, particuarly interval censoring.
Also covariates can be incorporated in the models to observe their impacts on survival times.
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