Statistics and Applications {ISSN 2452-7395 (online)}
Volume 15 Nos. 1&2, 2017 (New Series), pp 117-146

Multi-Character Survey using Forced Quantitative Randomized
Response Model with Two Independent Samples

Sukhjinder Singh Sidhu! and Sarjinder Singh?
Punjab Agricultural University, Ludhiana
*Texas A&M University—Kingsville, USA

Received: January 16, 2017; Revised February 03, 2017; Accepted: February 14, 2017

Abstract

The forced quantitative randomized response (FQRR) model with two independent
samples is not limited by the need to know the value of the forced question. FQRR is a
maximally efficient randomized response design for estimating the population total of a
sensitive variable. This paper proposes a set of alternative estimators for probability
proportional to size with replacement (PPSWR) in multi-character survey, which elicits
simultaneous information on multiple sensitive study variables. The proposed estimators are
all minimally biased because they are suitable for situations between the optimum for usual
estimators and the optimum for estimators based on multi-characters with no correlation. The
Mean Square Error (MSE) expressions for the proposed estimators were derived under
optimal sample size. The behavior of the proposed estimators was examined under super
population model. Ann empirical study was also carried out to reveal the performance of the
proposed estimators.

Keywords: Total estimation, Randomized response, Forced response, Sensitive multi-
characteristics, Super population model, Mean square error.

1. Introduction

Warner (1965) developed an interviewing procedure designed to reduce or eliminate
bias and called it randomized response technique (RRT). The use of a RRT protects against
privacy violation, thereby diminishing the respondent’s need to give socially desirable
answers. Meta-analysis of 42 comparative studies showed that randomized response
conditions resulted in more valid population estimates than direct question—answer conditions,
where direct question—answer conditions is the umbrella term for research methods in which
the (sensitive) question is asked directly of the respondent (Lensvelt-Mulders et al., 2005).

Eichhorn and Hayre (1983) proposed an ingenious method to collect information on
quantitative characters rather than qualitative characters. According to this model, each
respondent in the sample is requested to give the scrambled response 7, =Y., where the Y,

are the real values of the quantitative variable and S is the scrambling variable. The forced
qualitative model randomized models due to Liu and Chow (1976 a, b) and Stem and
Steinhorst (1984) are special cases of the situation where the value of the forced quantitative
randomized response is simply replaced by a forced ‘yes’ response.
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In the method of Bar-Lev, Bobovitch, and Boukai (2004), each respondent is required
to rotate a spinner unobserved by the interviewer. If the spinner stops in the shaded area, the
respondent reports the true response on the sensitive variable, say Y. If the spinner stops in
the non-shaded area, the respondent reports the scrambled response, say V.S, where S is any
scrambling variable of known distribution. The Bar-Lev, Bobovitch, and Boukai (2004)

model assumes that E(S)=@ and V(S)= »? are known.

Odumade and Singh (2008) generalized the forced quantitative randomized response
model (GFQRR) of Gjestvang and Singh (2007) for estimating the population total of a
sensitive variable under a unified setup. Each respondent in the simple random with
replacement sample is provided with a randomization device, like a spinner, bearing three
types of statements:

(i)  Report your true income, say, X;;

(if)  Report the scrambled response, X;Z ; and

(iii) Report a fixed value already printed on the card, say F', with proportions p,, p,,
and p, respectively, such that p, +p,+p, =1, and Z is a scrambling variable
whose distribution is assumed known.

Odumade and Singh (2008) showed that the Bar-Lev, Bobovitch, and Boukai (2004),
Eichhorn & Hayre (1983), and Liu & Chow (1976 a, b) models are special cases of the
GFQRR model.

Odumade and Singh (2008) also newly considered two independent simple random
samples with replacement sampling of sizes », and », such that », +n, =n. Each respondent
in the first simple random with replacement sample is provided with a randomization device,
like a spinner, bearing three types of statements:

(i)  Report your true income, say X,;

(if)  Report the scrambled response, say X.Z;; and

(iii) Report a fixed value already printed on the card, say F;, with proportions p,, p,

and p, respectively, such that p, +p, + p, =1.

Each respondent in the second independent and non-overlapping simple random with
replacement sample is provided with a randomization device, like a spinner, bearing three
types of statements:

(i)  Report your true income, say, X ;

(if) Report the scrambled response, say, F ; and

(iii) Report a fixed value already printed on the card, say F, with proportions p,, p.
and py respectively, such that p, + p. + ps =1, and p,F, = p,F,, where Z, and Z,
are any scrambling variables with known distributions.

Some of the study variables may be poorly correlated with the selection probabilities in
sample surveys with many variables. In these cases, commonly used estimators available in
the literature result in large variance. Rao (1966) provided alternative estimators when the
study variable and size measure are unrelated and demonstrated that these alternative
estimators are more efficient though biased. The Rao (1966) model is not commonly
encountered in practice since the correlation is not always zero. Bansal and Singh (1985)
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developed a transformed estimator of population total suitable for the characteristics covering
entire range of positive correlation. Amahia et al. (1989) suggested simple alternatives to the
transformations in Bansal and Singh (1985).

Observing the simplicity and wide application of Greenberg et al. (1971), Sidhu et al.
(2007, 2009) proposed a set of alternative estimators for probability proportional to size with
replacement (PPSWR) corresponding to multi-character survey, which elicit simultaneous
information on multiple sensitive study variables when the value of the unrelated question is
known or unknown in advance. The PPSWR sampling scheme is more efficient than simple
random sampling (SRS) when the correlation between the study variable and auxiliary
variable is positive and high and the regression line passes through the origin. The above
estimators are suitable when variables under study have high and positive correlation with
selection probabilities. However, in case of sensitive multi-characteristics, when some have
moderate and others have very low correlation with selection probabilities, multiple
characteristic and RRT models need to be combined.

2.  Proposed Strategy and Estimator

Let a finite population of N units denoted by Q=(U,,U,,...Uy). Let ¥ be the
sensitive variable and x be an auxiliary variable taking a known positive value x, on Q such

N
that X =in . Suppose a sample of n units is chosen using PPSWR sampling. Two
i=1
independent and non-overlapping simple random samples using with replacement sampling
of sizes n, and n, such that »n, +n, =n are chosen such that the estimator is not limited by

the need to know the value of the forced question. S, and S, are any scrambling variables
with known distributions. E(S;)=6,, E(S,)=6,, V(S;)=y2 and V(S,)=y3 are known.

Each respondent in the first simple random with replacement sample is provided with a
randomization device, say, a deck-D1 of cards, bearing three types of statements:
(i)  Report your true income, say, Y ;
(if) Report the scrambled response, say, Y.S,; and
(iii) Report a fixed value already printed on the card, say F;, with proportions 7, ¢,
and ¢, respectively, such that # +z, +z, =1.

Mathematically, the distribution of the responses from the first sample is given by
Y,  with probability =¢

Z,=|Y.S,, with probability =7, (2.1)
F,  with probability =¢,

Each respondent in the second independent and non-overlapping simple random with
replacement sample is provided with a randomization device, say, a deck-D2 of cards,
bearing three types of statements:

(i)  Report your true income, say, Y;

(if)  Report the scrambled response, say, Y., ; and

(iif) Report a fixed value already printed on the card, say, F,, with proportions, ¢,, f.,

andt, respectively, such that 7, +#, +7, =1.
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Mathematically, the distribution of the responses from the second sample is given by
Y, with probability = t,

. =| ¥.S,,  with probability = ¢, (2.2)
F,,  with probability = ¢,

Z,

In this model F, and F, are fixed values such that #,F; =¢,F,. This model differs

completely from existing RRT models because the randomization devices used in the two
independent samples are dependent on each other. This model yields estimators:

E(Z;)=tY, +t,Y.6, + /R (2.3)
and

E(Zy) =t,Y; +t.Y,0, +tsF, . (2.4)
Subtracting, (2.3) and (2.4) give:

E(Zy) - E(Zy) =Yil(t, —t,) + (4,0, - t:6,)] (2.5)

The new estimators also take into account the already known rough value of the
correlation coefficient p between the characteristic under study, Y, and the measure of size,

p. Some variables under study may have low positive correlation with selection probabilities

and others may have high correlation. Under this scheme, the proposed set of estimators of
population total for multi-character survey based on the method of moments is
n2

1 nlﬁ_lzﬁ

; S Pk M
(YGS)k — i ik i ik

1 (2.6)
(4 —ty) + (6, - t56,)
where the p,. are transformations of selection probabilities available in literature:
P, =, Rao (1966); 27
N
. 1 (1_,0)
P = (1+Wj (1+ P, )p —1, Bansal and Singh (1985); (2.8)
Pry = (1‘Np) +pp; , Amahia et al. (1989); (2.9)
. 1 (1_p)
Pis = (Wj e (2.10)
-1
oo 2] -
i

and

P = M +3/pp;, Grewal et al. (1997). (212)

_3
N
Forp=0, the p; for k=0,1 2, 3 4,5 reduce to pfo at (2.3). For p=1, p, reduces to

original selection probabilities, p; .
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The proposed estimators are minimally biased and suitable for situations between the
optimum for usual estimators and the optimum for estimators based on multi-characters with
no correlation according to the following theorems.

Theorem 2.1: The bias expression for the set of estimators of population total

1g Zii iiﬁ
(Aes)k N o p|k N, o piT<
(t,—1,) + (1,6, —t:6,)

IS given by

. N(p.
B(YGS)kZZ£ * }/i- (2.13)

=1\ Pi

Proof: Let E, be the expected value over all possible samples and E, be the expected value
over the randomized device. Then the expected value of (Yss), is given by

E(YAGS)k = ElEZ (YAGS)k

iiﬁ_iiﬁ iiEz(Zn)_iiEz(Zzi)
—EE, NS P M2 i Pi —E Mo Pi Ny is  Pi
(t, —ty) + (126, —t56;) (t, —t) + (126, —56;)

CYiP L RSP CYib g P
(p1+p2‘91)z * +t3FlzT—(p4+p5‘92)z - —terzi* N
_ i-1 Pi i—1 Pik i-1 Pik i-1 Pik =ZYi Pi

(t—1,) + (1,6, —t:6,) i1 pi*k

N
Now, B(Ygs)k =E(Ygs)k =Y = Z{ ;)l }Yi )
i—1| Pi

hence the theorem.

Theorem 2.2: The variance of the estimator (\fGS ), is given by

V(Ygs) = ! > L, T , (2.14)
{(tl —t,) + (4,0, _tsgz)} N
where
NGZleI - Yip, i < 1 <P ’
T = Z +(4 +1,6) Zp. * Z - | +(tF) Zpi —*—Z ~
i1 p, i1 pik i-1 B i= Pic =1 Pi

i=1

N N N
+2(tF) (4, +1,6)D p{;—i > i ]{ % —ZYi Eij, (2.15)
ik i i i i
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N N Y. p. 2 N 1 N _ 2
and T, = Zazz'p' +(t, +1:6,) Zp.[p_* Z 'E'j +(t6Fz)2_ZPi[p_* —ZLiJ

i=1 ik =1

N N
+2(teFp) (G +1562) ) pi( o : ]{ - IBEI J : (2.16)
ik =1 Pi i-1 Pi

i=1

Also, for k =01,2,345,
03 = E(Z]) - (E(Zy))” =t + Y702 (1+ CA) +1,F2 [t +1,Y,6, + ;R [
— ft + 1,671+ C2) — (4 +1,6)2 P + 41—t RZ — 2R (4 + LAY, 2.17)
and o7, =E(Z5) - (E(Z,))” =t,Y;" +t¥,63 (1+C2) +t,F7 —[t,Y; + Y60, +tF, [
— lty + 021+ C2) — (1, + 66,2 [ + b (L—te) 2 — 246t + 0,0V, (2.18)

Proof. Let E; and E, denote the expected values defined earlier, and let V; and V, be the
corresponding variances. Then

V(YAGS)k = E1V2(YAGS)k +V1E2(YAGS)k ’

1"2121,_iiz%i 1”2121,_i§z%

50 V(Ygs), = EV, M iz P Mo i Pi 1VE, M i P M2 it Pi
(t, —t,) + (160, —156,) (t, —t,) + (1,6, —156,)
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! (t, —t,) + (1,60, —t:0,)

_ 1 [ DACHLIES SACA]
{(tl—t4)+(t291—t592)} mE P i e
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- b )
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+2{(t3F1)(t1+t261)+ (ter)(t4 +t5‘92)}i p{ Yi _iYi Ei J( ]; _iﬂiﬂ'
Pik =1 B Pik =1 Pi

" n, i1

which proves the theorem.

Note that the proposed estimator (VGS)k is free from both forced fixed quantitative
responses F; and F,, and hence it can be used in practice. For any survey, values of F and
F, can be fixed. Reporting a fixed value does not compromise the privacy of a respondent.
For a given value of F and £, this paper compares different transformations of the selection

probabilities. The minimum variance is calculated based on the optimum values of the sample
sizes n, and n,, for simplicity.

Theorem 2.3: The minimum variance of the estimator (YGS)k, fork=0,1 2,3 4,5, is given

WL+ T2 f (2.19)

by Min V(Ves) = .
“ n{ty —tg)+ (t261 —t562)}

Proof. Note that n=n; +n,, thus the optimum values of n,and n, are given by

dv (Y,
dV{¥es )k _ 0, or equivalently,
dnl
T T
nL T (2.20)
M n2
Thu , n_lzﬂ (221)
", T,

Substituting (2.21) into (2.20), we get (2.19), which proves the theorem.

3. Super Population Model

The efficiency comparison of the proposed estimators (Yss), for £=0,1, 2, 3 4,5 in

relation to those given by Rao (1966) for £ =0, cannot be handled theoretically. Therefore,
the expected values of the MSE of the estimators were found under the super-population
model suggested by Cochran (1977). For this model:

Yi = ﬂpi +ei y (31)
where the ¢, i=12,..., N, are the error terms such that
E(e/p)=0, E(ee;/ p;p;) =0, and E(e?/p,) =ap’;a>0,9>0. (3.2)

Here, the E(e?/p;), i=12,..,N, are the residual variances of ¥ for given p,. The expected
value of the residual variance in the super population model is given by

a N
E(ap?) = WZ PP (3.3)

i1
Now, MSE (YAGS)k :V(YAGS)k +<B(\fes)k)2 (3.4)

Taking the expected value under the model (3.1) on both sides of (3.4) yields
EmlMSE(YAGS)kJ: EmB/(YAGS)k]"_ En [B(YAGs)k]2
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with

Em(O'gli):[t1+t2‘912<1+C2) t1+t2 ][,3 p, +ap; ]+t31 t3)F — 2t;F, (t1+t2 )ﬁpu (3.8)
and

En (O-§Zi) = [t4 +t5‘922(1+ sz)—(t4 +t592)2][,32 pi2 +ap ]+t6(1_t6)|:22 - 2ter(t4 +156, )ﬁpi .

The expected value of the bias under the super population model is 49
Eq[B(Vos )= ﬁz[ Jp. . (3.10)
The model expected relative"l(:)ias is given by
A
E.[RB(Vs ) = (—= ’; ) x100% = (ZiE—i-l)AOO% | (3.11)
i-1 Pi

4.  Simulation Study

The six different estimators were compared for several situations through simulation
study with an empirical investigation under super population model. Note the relative
efficiency depends on parameters g, p, C,, C,,, 6, 6,, 4, t,, =1-t, —-t,, t,, t5, and
ty =1-t, —t;. The parameters t, t,, t, and t; were chosen to ensure that t; and t; were
positive and practical. In any real survey the coefficient of variations of the scrambling
variables C,, and C,, are expected to lie between 0.1 and 0.9, but these were chosen close

to 10% for consistent and practicable data sets, following Cochran (1977).

Literature search indicates the proportions t;, j=123456, are best chosen in the

same range as the expected prevalence of the sensitive topic in the population (Clark and
Desharnais, 1998). These proportions cannot be varied indefinitely because the protection of
privacy is in the core of the theory behind randomized response methods. When any t;,

j=12,3456, approaches one, anonymity protection becomes nil. Maintenance of privacy
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and efficiency of the design are therefore in conflict with each other (Chaudhuri and
Mukerjee, 1988). As Soeken and McReady (1982) showed, however, one value of t; can be

chosen between 0.75 and 0.8 without interfering with the perceived grade of anonymity. The
average t; across studies was 0.67 (Lensvelt-Mulders et al., 2005).

An extra advantage of using a forced response method is that the perceived protection
of the respondents can be manipulated. The values of 6 and &, are chosen by the
investigator based on the nature of the sensitive variable under study. In this study, €, =2,

6,=15, C,=n/\6,=01, C,=7,/J0,=02 =065, t,=0.25,t,=0.1,t,=.25,
t; =.65 and t; =0.1 were chosen by investigators. The forced response value F =20 was

fixed, and the value of F, =t;'t;F, was computed for the entire simulation study, although
there is lot of flexibility in the choice of this parameter, depending on the survey.

NITR =500 populations, each of size N =1000 units, were generated from different
distributions as shown in Table 4.1. The sample size » =50 was fixed in the entire simulation
study because the value of percent relative efficiency does not change much due change in
sample size.

The percent relative efficiency of the proposed estimators, (\fGS)k for k=1,2345,6
with respect to the modified Rao (1966) estimator for k =0, were examined for different
values of the correlation coefficient o= 0.1, 0.3,0.5,0.7,09; g=0,1, 2; f=05,1.0,15
and a=10 . The percent relative efficiency, RE(k) , k=12,3 4,56, of the k-th

transformation with respect to the k =0 transformation is given by
NITR

S [MSE(Vas )

RE (k) = RE(0,k) = 1= IT %100, (4.1)

Z Em [MSE(YAGS )k ]rr

IT=1
The averaged percent relative bias RB(k), for k =1,2,34,5,6, was computed as

NITR

Z En [RBNGS)k] (4.2)

RB(K)= ——
NITR &= .

Different distributions, shown in Table 4.1, were used to compute the selection probabilities

pi= (4.3)




126

SUKHJINDER SINGH SIDHU AND SARJINDER SINGH

[Vol. 15, Nos. 1&2

Table 4.1: Density Functions for Various Probability Distributions.
Sr. No. | Distribution Density function Range R-function
1 .
1 Uniform f(x)=4—5 5<x<50 runif
2 Exponential f(x)=¢ 0<Xx<o rexp
Chi-square (X)L gxiz (22 foamma
3 with v =6 ( ) 2V/2rV/2 0<x<o g
1 oo
4 Gamma with f(x)=—e*x"" 0<x<oo | rgamma
— r
p=2 d
2
X—p
e -
f(x) = gl o = 2 ’ W< X <o
° Normal 9 o2 H rnorm
c0=03
6 Log Normal F(X) = — g loal) 12 O<x<oo | rlnorm
X~ 27
Beta with 1 4 -1
7 f () =———=x""(1-x) 0<x<1 rbeta
p=3, =2 B(p.a)

The results obtained from these computations for different sampling schemes are given
in tables in Appendix A. The R-code used in the simulation study is given in the Appendix B.

4.1 Uniform distribution results with g =012, and #=0.51.0L.5

Percent relative efficiency for the uniform distribution:
e if p=0.1, then RE(1)=104.00%, RE(2)=104.00%, RE(3)=102.00%, RE(4)=99.60%,

and RE(5)=108.80%;

o if p=0.3, then RE(1)=108.70%, RE(2)=108.70%, RE(3)=103.30%, RE(4)=96.50%,
and RE(5)=102.90%; and
o if p=0.5, then RE(1)=108.30%, RE(2)=108.30%, RE(3)=100.00%, RE(4)=90.60%,

and RE(5)=95.00%.

Percent relative bias for the uniform distribution:
o If p=0.1, then RB(0) lies between 22.3% and 22.4%, RB(1) lies between 18.1% and

18.2%, RB(2) lies between 18.1% and 18.2%, RB(3) lies between 19.10% and 19.20%,
RB(4) = 20.10%, and RB(5) = 7.0%.

Considering percent relative efficiency and percent bias, the fifth transformation p; by

Grewal et al. (1997) performed better than the other transformation for the uniform
distribution.
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4.2 Exponential distribution results with g =012, and £=0.51.00.5

Percent relative efficiency for the exponential distribution:

o if p=0.1, then RE(1) lies between 115.90% and 116.10%, RE(2) lies between
115.90% and 116.10%, RE(3) lies between 107.30% and 107.40%, RE(4) lies between
90.20% and 91.20%, and RE(5) lies between 131.10% and 131.20%;

o if p=0.3, then RE(1) lies between 131.30% and 131.50%, RE(2) lies between
131.30% and 131.50%, RE(3)=112.70%, RE(4) lies between 55.70% and 58.50%, and
RE(5) lies between 115.20% and 115.40%;

e if p=0.5, then RE(1) lies between 129.60% and 129.80%, RE(2) lies between

129.60% and 129.80%, RE(3)=100.00%, RE(4) lies between 33.40% and 34.90%, and
RE(5) lies between 95.8% and 95.90%.

Percent relative bias for the exponential distribution:

e irrespective of the value of p between 0.1 and 0.5, the value of RB(0), R(1), RB(2),
RB(3) and RB(4) are very high and are unacceptable;

e however, the fifth transformation pi*5 again shows a reasonable RB(5) value between
9.4% and 9.5% for p=0.3.

For low correlation values like p=0.3, the fifth transformation p;; due to Grewal et

al. (1997) again performs better than the other transformations in the exponential distribution
case.

4.3 Chi-square distribution results with g =012, and #=0.51.0L.5

Percent relative efficiency for the Chi-square distribution:

o if p=0.1, then RE(1) lies between 105.50% and 105.60%, RE(2) lies between
105.50% and 105.60%, RE(3)=102.6%, RE(4)=99.50%, and RE(5) lies between
110.00% and 110.10%;

o if p=0.3, then RE(1) lies between 110.00% and 110.90%, RE(2) lies between
110.80% and 110.90%, RE(3)=104.10%, RE(4)=95.70%, and RE(5) lies between
102.50% and 102.50%;

o if p=0.5, then RE(1) lies between 109.20% and 109.30%, RE(2) lies between
109.20% and 109.30%, RE(3)=100.00%, RE(4) lies between 88.50% and 89.00%, and
RE(5) lies between 93.80% and 93.90%.

Percent relative bias for the Chi-square distribution:

e once again, irrespective of the value of p, the value of RB(0) remains quite high;

e if p=0.5 then RB(1) and RB(2) are below 10%;

e if p=0.3, then the fifth transformation p;; shows relative bias of between 3.5% and
3.6%.

The fifth transformation pi*s due to Grewal et al. (1997) showed both relative

efficiency of 102.50% and negligible relative bias of 3.6%, and thus outperformed the other
transformations in the Chi-square distribution case.



128 SUKHJINDER SINGH SIDHU AND SARJINDER SINGH  [Vol. 15, Nos. 1&?2

4.4 Gamma distribution results with g =012, and £=0.51.0L.5

Percent relative efficiency for the gamma distribution:

o if p=0.1, then RE(1) lies between 108.20% and 108.30%, RE(2) lies between
108.20% and 108.30%, RE(3) is between 103.8% and 103.90%, RE(4)=99.00%, and
RE(5) lies between 115.20% and 115.40%;

o if p=0.3, then RE(1)=116.10%, RE(2)=116.10%, RE(3)=106.20%, RE(4) is between
91.70% and 91.90%, and RE(5)=105.10%.

Percent relative bias for the gamma distribution:

e again the value of RB(5) remains 5.2% for p =0.3.

For situations with a low correlation value like p = 0.3, the fifth transformation p;s
performed better than its competitors in the gamma distribution case.

4.5 Normal distribution results with g =012, and #=0.51.0L.5
For the normal distribution, with any value of o between 0.1 and 0.9, inclusive, there

IS no benefit to using any transformation considering percent relative efficiency. However,
percent relative bias can be reduced from 1% to 0.1%, which are both negligible values. In
nutshell, in case of the normal distribution, all six transformations performed equally well.

4.6 Log-normal distribution results with g =012, and #=0.51.01.5
Percent relative efficiency for the log-normal distribution:
o if p=0.1, then RE(1) lies between 120.40% and 120.80%, RE(2) lies between

120.40% and 120.80%, RE(3) lies between 108.20% and 108.40%, RE(4) lies between
98.30% and 99.30%, and RE(5) lies between 127.90% and 128.10%;

o if p=0.3, then RE(1) lies between 132.70% and 133.00%, RE(2) lies between

132.70% and 133.00%, RE(3) lies between 112.60% and 112.80%, RE(4) lies between
86.60% and 86.70%, and RE(5) lies between 107.70% and 107.80%;

o if p=0.5, then RE(1) lies between 125.50% and 125.70%, RE(2) lies between

125.50% and 125.80%, RE(3) lies between 100.00% and 100.00%, RE(4) lies between
69.90% and 70.10%, and RE(5) lies between 88.20% and 88.30%.

Percent relative bias for the log-normal distribution:

e the value RB(0) to RE(4) are quite unacceptable for low values of the correlation
coefficient;

e however, RE(5) is an acceptable percent relative bias value for p =0.3 and onwards.

Once again, the fifth transformation pi*5 performed quite well for the log-normal
distribution with the value of the correlation coefficient around p =0.3.

4.7 Beta distribution results with g =012, and f=0.51.00.5
Percent relative efficiency for the beta distribution:
o if p=0.1, then RE(1)=102.00%, RE(2)=102.00%, RE(3)=101.00%, RE(4)=99.80%,
and RE(D) is between 104.20% and 104.30%;
o if p=0.3, then RE(1) is between 104.20% and 104.30%, RE(2) is between 104.20%
and 104.30%, RE(3)=101.00%, RE(4)=99.80%, and RE(5)=101.20%;
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oif p=05, then RE(1) is between 103.90% and 104.00%, RE(2)=104.00%,

RE(3)=100.00%, RE(4) is between 95.20% and 95.30, and RE(5) is between 97.20%
and 97.30%;

Percent relative bias for the log-normal distribution:

e if p=0.1, then RB(0) is between 11.10% and 11.20%, RB(1) is between 9.1% and
9.2%, RB(2) is between 9.1% and 9.2%, RB(3) is between 9.5% and 9.6%.,
RB(4)=10%, and RB(5) is between 3.5% and 3.6%;

e if p=0.3, then RB(0) is between 11.10% and 11.20%, RB(1) is between 5.7% and
5.8%, RB(2) is between 5.7% and 5.8%, RB(3) is between 6.7% and 6.8%,
RB(4)=7.8%, and RB(5)=1.5%.

5. Discussion of Results

This study considered results only up to correlation value of p less than or equal to 0.5
because in multi-character survey only study variables that have low correlation with the
selection probabilities are of interest. In practice there is no situation when the value of p is
likely to be zero, and hence such an assumption showed higher values of RB(0) in the entire
simulation study.

This empirical study concludes that the first two transformations pfi and p;
performed equally well considering the mean square error and percent relative bias. The
relative efficiency of the estimator with the third transformation p; generally remained less

than that with p,;, but more than 100%. The transformation p,; was least efficient and even
showed relative efficiency less than 100% for all seven distributions. The most efficient and
reliable performance was observed in the fifth transformation pg; . Hence, when using forced
randomized response model for multi-characteristics survey, the use of fifth transformation
ps; is recommended.
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Appendix A
Table 4.2.1.0: Uniform distribution results with g =0
g B8 | P | REQ) | REQ | RE@) | RE@) | REG) | RB(0) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
0[o05] 010 1040 1040 1020 996 | 1088 | 223 182 182 192 201 7.0
o[ o05] 030 1087 1087 | 1033 965 | 1028 | 222 113| 113 134 155 3.0
0[ 05[] 050 1083 1083 100.0 90.8 950 | 224 6.2 6.2 86| 112 13
o[ o05] 070 1013 1013 91.6 83.4 86.2 | 223 25 25 4.6 6.7 0.4
o[ 05[] 090 848 84.8 78.7 75.2 764 | 223 0.4 0.4 13 2.2 0.1
0 10 010[ 1040 1040 1020 996 | 1088 | 224 182 182 192 201 7.0
0 20 030 1087 1087 | 1033 965 | 1029 | 223 113| 113 135 156 3.0
o[ 10 o50[ 1083 1083 | 1000 90.8 950 | 223 6.2 6.2 86| 112 13
o[ 10 o070 1013 1013 91.6 83.4 86.1 | 223 25 25 4.6 6.7 0.4
0[ 10] o9 | 848 84.8 78.7 75.2 764 | 223 0.4 0.4 13 2.2 0.1
0] 15[ o10[ 1040 1040 1020 996 | 1088 | 223 181 181 192 201 7.0
0[ 15 030 1087 1087 1033 965 | 1028 | 222 113 113 134 156 3.0
0[ 15 050 [ 1083 1083 | 100.0 90.8 950 | 223 6.2 6.2 86| 111 13
0[ 15] 070 1013] 1013 91.6 83.3 86.1 | 223 25 25 4.6 6.7 0.4
0[ 15] o9 | 848 84.8 78.7 75.2 764 | 223 0.4 03 13 2.2 0.1
Table 4.2.1.1: Uniform distribution results with g =1
g| 8| P | REQ) | REQ | RE®) | RE@) | REG) | RB(0) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
1[o05] 010 1040] 1040 1020 996 | 1088 | 223 181 181 192 201 7.0
1[o5] 030 1087] 1087 1033 965 | 1029 | 224 114 114 135 157 3.0
1[o5] 050 1083] 1083 100.0 90.8 950 | 223 6.2 6.2 86| 112 13
1[o5[ 070 1013 1013 91.6 83.4 86.2 | 223 25 25 4.6 6.7 0.4
1[ o5 09| 848 84.8 78.7 75.2 764 | 224 0.4 0.4 13 2.2 0.1
1 10] 010 1040] 1040 1020 996 | 1088 | 223 182 182 192 201 7.0
1 10] 030 1087] 1087 1033 965 | 1029 | 223 114 114| 135 156 3.0
1 10] 050 1083] 1083 100.0 90.8 950 | 223 6.2 6.2 86| 112 13
1[10[ o70| 1013 1013 91.6 83.4 86.2 | 223 25 25 4.6 6.7 0.4
1 10] 090 | 848 84.8 78.7 75.2 764 | 223 0.4 03 13 2.2 0.1
1 15[ 010 1040] 1040 1020 996 | 1088 | 223 181 181 191 201 7.0
1[ 15[ 030 1087] 1087 1033 965 | 1028 | 222 113| 113 134 156 3.0
1[ 15[ o050 1083] 1083 | 100.0 90.8 950 | 224 6.2 6.2 86| 112 13
1[ 15[ o70| 1013 1013 91.6 83.4 86.2 | 223 25 25 4.6 6.7 0.4
1 15[ 090 848 84.8 78.7 75.2 764 | 223 0.4 0.4 13 2.2 0.1
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g| 8| P | REQ) | RE@ | RE@®) | RE@ | REG) | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
2| 05| 010 1040 1040| 1020 996 1088 223| 182 182 192| 201 7.0
2| 05| 030 12087 1087 1033 965| 1029 | =223| 113| 113 135| 156 3.0
2| 05| o50| 1083 1083 1000 908 950[ =223 6.2 6.2 86| 111 13
2l 05| o70| 1013 1013 916 834 862 223 25 25 4.6 6.7 0.4
2|l 05| o090 | 848 848 787 752 764 223 0.4 0.4 13 22 0.1
2| 10| o010 1040 1040| 1020 996 1088 223 182 182 192| 201 7.0
2| 10| 030 12087 1087 1033 965| 1029 | =223| 113| 113 135| 156 3.0
2| 10| os0| 1083 1083 1000 908 950[ 223 6.2 6.2 86| 111 13
2| 10| o70| 1013 1013 916 834 862 222 25 25 45 6.7 0.4
2| 10 o9 | 848 848 787 753[ 764 223 0.4 03 13 22 0.1
2[ 15[ 010 12040| 1040 12020] 996 1088 223 181 181 191 201 7.0
2| 15[ 030 | 12087 1087 1033 965| 1029 | 223| 113| 113| 135| 156 3.0
2| 15[ os0| 1083 1083 1000 908 950[ =223 6.2 6.2 86| 111 13
2| 15[ o070 1013 1013 916 834 861[ 223 25 25 4.6 6.7 0.4
2| 15[ 09| 848 848 787 752 763[ 224 0.4 0.4 13 22 0.1
Table 4.2.2.0: Exponential distribution results with g = 0
g | 8| P |REQW | REQ | RE®) | RE@ | REG) | RB(O) | RB(1) | RB(2) | RB() | RB(4) | RB(5)
00| 05[] 01| 1160 1160 | 12074 | 905| 1312 997 697 697 825| 897 218
00[05] 03] 1315 1315 1127 | 573 | 1154 | 1001 | 374 373 b545| 701 9.5
00[05] 05[] 1207 1297 12000 | 343 959 | 998 193 193 329 499 4.4
0005 [ 07| 1122 1122 674 218 741 995 8.1 81| 166 299 17
oo0[os5] 09| 707[ 707| 258 143 468 1000 14 14 47 100 03
00[10] 01| 1160 1160 | 12074 | 908 | 1313 | 12002 | 699 | 699 829| 902 219
00[10] 03] 1314 1314 1127 568 11562 | 998 372 372 b544| 699 9.5
00[10[ 05| 1206 1296 12000 334 958 997 193 192 329 499 4.4
00 10| 07| 1123 1124 672 217 742 994 8.1 81| 166 298 17
00|10 09| 707[ 707| 257 142 468 996 L4 1.4 46| 100 0.3
00| 15[ 01| 1160 1160 | 12074 | 912| 1312 | 12001 | 698 698 828| 901 | 219
00| 15[ 03] 1314 1314 | 1127 570 1153 12000 373| 373 B545| 700 9.5
00| 15[ 05[] 1296 1296 12000 | 348 959 | 995 193 192 328| 498 4.4
00 15[ 07| 1123 1123 672 214 741 999 8.1 81| 167 300 17
00| 15[ 09| 707 707| 261| 147| 468 996 14 1.4 46| 100 0.3
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Table 4.2.2.1: Exponential distribution results withg =1
g | B | P | REQ | REQ | RE@) | RE@) | REG) | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
10[o5[ 01| 1161 1261 1074 | 910 1313 1004 | 701| 700 | 831 904 219
10[o5[ 03| 1813 1313 1127 573 1152 996 | 372 372 543 697 9.4
10|05 05| 1207 1207 | 1000 | 344 959 998| 193| 192 329 499 4.4
10[o5[ 07| 1123 1103 67.1| =208 742 996 8.1 81| 166 299 17
tofos5f[ o9 707 707 259 144 468 99.9 14 14 47 100 03
1010 01| 1160 1260 1074 | 906 | 1313 999 698 698 | 827 899 219
10| 10[ 03| 1815 1315 1127 | 57| 1153 1001 | 374 373 545 701 95
1010 05| 1207 1207 [ 1000 | 342 959 99.7] 193] 192 329 498 4.4
10[10[ 07| 1123 1103 672 208 742 994 8.1 81| 166 298 17
1010 o9 707 707 259 144 468 998 14 14 46 100 03
1015 01| 1160 1260 1074 | 902 1312 995[ 696 | 696| 824 896 219
10| 15[ 03| 1813 1313 1127 578 1153 996 | 372 372 543 697 95
10| 15[ 05| 1298 1208 | 1000 | 343 959 [ 1002| 193] 193| 330 501 4.4
10|15 07| 1112| 1112 672| 210 742 9938 8.1 81| 166 299 17
101509 707 707 257 143 468 995 14 14 46 100 03
Table 4.2.2.2: Exponential distribution results with g = 2
g | B | P | REQ) | REQ@ | RE®) | RE@) | REG) | RB(0) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
10|15 o9 707 707 257 143 468 995 14 14 46 100 03
20[05] 01| 1160 1160 1074 | 909 1312 12003 700| 699 829 903[ 219
20 [05] 03| 1313 | 1313 1127 | 579 11563 995 372 37.2| 542 697 95
20[05] 05| 12908 1208 | 1000 | 347 959 999 193] 193| 329 499 4.4
2005 07| 1113 | 1113 672 214 742 997 8.1 81| 166 299 17
2005 09| 707 707 254 139 468 99.8 14 14 46 100 03
2010 01| 1159 1159 1073 904 | 1311 995 696 695| 823 896 218
20[10] 03| 1315 1315 1127 585 1153 998 37.3| 373| 544 698 9.5
20 10| 05| 12906 | 1296 | 1000 | 349 958 993 192 192 327 496 4.4
20 [ 10| 07| 1122 1203 672 218 741 1004 8.1 81| 167 301 17
2010 09| 708 708 256| 142 468 993 14 14 4.6 9.9 03
2015 01| 1160 1160 1074 | 911 | 1313 998 698 698| 826 898 219
20 [ 15[ 03| 1314 1314 1127 575 1153 999 | 373| 373 544 699 9.5
2015 05 1207 1207 1000| 338 959 996 193] 192 328 498 4.4
20 [ 15 07| 1114 1114 671 212 741 999 8.1 81| 167 300 17
2015 09| 707 707 258 144 468 998 14 14 46 100 03
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g | B| P | REQ) | REQ@ | RE@) | RE@) | REG) | RB(0) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
o[o5] 01| 1055[ 1055 1026 | 995 1100 332 255 255| 281 299 8.7
0[o5] 03| 108 1108 1041 | 957 12025 333 147 147| 192 233 36
0[o05] 05| 2093] 1093 1000 889 | 938 334 7.6 76| 119] 167 15
0[o5| 07| 12007] 1007 901| 803| 844| 333 3.0 3.0 62| 100 05
o[o5| 09| 80| 80| 754 713| 736 333 0.4 04 17 3.3 0.1
o[ 10| o1r| 1055[ 1055 1026 | 995 1100 332 255 255| 281 299 8.7
o[ 10 03| 108 1108 1041 | 957 12025 333 147 147| 192 233 36
o[ 1o 05| 2093 1003 1000] 889 939 332 7.6 76| 119] 166 15
o[ 10| 07| 12007] 1007 902| 804| 844 334 3.0 3.0 62| 100 05
o[ 10| o9 80| 80| 755 713| 737[ 333 0.4 04 17 33 0.1
o[ 15 01| 12055] 1055[ 1026 | 995 1100 333 256 256| 281 300 8.7
015 03| 1209 1109 1041 | 957 | 12025 334 148 148| 193 234 36
o[ 15[ 05| 2092 1092 1000 890| 938 333 7.6 76| 119] 166 15
o[ 15[ 07| 2007] 1007 901| 803| 844 333 3.0 3.0 62| 100 05
o[ 15[ 09| 80| 80| 755 713| 737 332 0.4 04 17 33 0.1
Table 4.2.3.1: Chi-square distribution results with g =1
| B| P | REQ | REQ) | RE®) | RE@ | REG) | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
105 01| 1055] 12055 12026 | 995| 1100 332 255 255 280 299 8.7
1[o05[ 03] 1108 1108 1041 | 957 1025[ 333 147 147 192 233 36
1] 05[ 05[] 1002 1092 2000 889 938[ 333 7.6 76| 119] 166 15
1] o5[ 07| 1007] 2007 901| 803| 845| 333 3.0 3.0 62| 100 05
1]/ o5[ 09| 80| 80| 754 713 737| 332 0.4 04 17 3.3 0.1
110 01| 1055] 12055 12026 | 995| 1100 332 255 255 281 299 8.7
1] 10[ 03] 1108 1108 12041 | 957 1025[ 333 148 148 192| 233 36
1] 10[ 05[] 1002 12093 2000 889 | 938[ 333 7.6 76| 119] 166 15
1|10 07| 1007] 2007 902| 804| 844| 334 3.0 3.0 62| 100 05
1|10 09| 80| 80| 754 711| 736| 333 0.4 0.4 17 3.3 0.1
1| 15[ 01| 1056| 1056 | 12026 | 995| 1101 | 334 257 257 282 301 8.7
1] 15[ 03] 1108 1208 12041 957 1025 332 147 147 191 232 35
1| 15[ 05 1093] 12093 | 1000 | 889 | 938| 334 7.6 76| 119] 167 15
1| 15[ 07| 1007| 2007 902 04| 845| 333 3.0 3.0 61| 100 05
1| 15[ 09| 80| 80| 754 712| 736| 334 0.4 04 17 3.3 0.1
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Table 4.2.3.2: Chi-square distribution results with g = 2
g| | P | REQ | REQ | RE®) | RE@) | REG) | RB() | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
2[ 05|01 1055 1055 | 1026 | 995 | 1100 | 333 256| 256 281| 300 8.7
205 03] 1109 1209 | 1041 | 957 | 1025| 335 148 148 193| 234 36
205 05[] 1093 1003 | 1000 | 889 | 938 333 7.6 76| 119 167 15
205 07] 1007 1007 90.2| 804 | 845[ 333 3.0 3.0 62| 100 05
20509 89| 89| 753 711| 735 335 0.4 0.4 17 34 0.1
2[ 1001 1055] 1055 | 1026 | 995 | 1101 | 333 256| 256 281| 300 8.7
2[ 10 03] 1108 1108 | 1041 | 957 | 1025 334 147 147 192 234 36
2[ 20] 05[] 1093 1003 | 1000| 889 | 938 333 7.6 76| 119 167 15
2[ 1007 1007 1007 902| 804 | 845[ 333 3.0 3.0 61| 100 05
2 10l 09| 80| 80| 753 711 736 334 0.4 0.4 17 33 0.1
2 15[ 01| 1055 1055 1026 | 995| 1201 332 255 255 281 299 8.7
2[ 15[ 03] 1108 1108 | 1041 | 957 | 1025 331 147 147 191| 232 35
2[ 15[ 05[] 1093 1003 | 1000| 889 | 938 333 7.6 76| 119 167 15
2 15[ 07| 12007 1007 902| 84| 845 333 3.0 3.0 61| 100 05
2 15[ 09| 80| 80| 73| 711| 736 333 0.4 0.4 17 33 0.1
Table 4.2.4.0: Gamma distribution results with g =0
g B P | REQD | REQ2) | REGB) | REM@) | RE() | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
o[ o5 01| 1082 12082 1038 990 1153 499 373 373[ 419 449| 124
0[ 05| 03] 1161 1161 1062 | 918 1051 | 499 211 211| 283 349 5.2
0[ 05|05 1142 | 1142 1000| 801 | 931[ 498 109 109 174 249 2.3
o[ o507 1026 1026 849 674 799 499 4.4 4.4 90 [ 15.0 0.8
o[ os5[oo| 778 778 627 55| 637 500 0.6 0.6 25 5.0 0.1
o[ 1o 01| 2082 12082 1039 990 11563 500 | 374 374 420 450 124
010 03] 1161 1161 1062 | 918 1051 500 | 211 211| 283 350 5.2
0[ 1005 1143 ] 1143 1000 799 931[ s00[ 109 109] 175[ 250 2.3
o[ 1o 07| 1026 1026 848 673 799 499 4.4 4.4 90 [ 15.0 0.8
o[ tofoo| 778 778 626 554 37| 497 0.6 0.6 25 5.0 0.1
o[ 15[ 01| 2082 12082 1039 990 1153 499 374 374 419 449| 124
0[ 15| 03] 1161 | 1161 1062 | 917 1051 | 499 211 211| 283 349 5.2
0[ 15| 05 1143 | 1143 1000| 80| 931 s01| 110| 110] 175[ 251 2.3
o[ 15[ 07| 1026 1026 | 848 673 798| 500 4.4 4.4 90 [ 15.0 0.8
o[ 15[ o9 777 777 627 556 636 500 0.7 0.6 25 5.0 0.1
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Table 4.2.4.1: Gamma distribution results with g =

9| p| o | RE®W | RE@ | RE@) [ RE@ [ RE) [ RB(O) | RB(Y) [ RB(2) | RBE3) | RB(4) | RE()

05) 01 1083 | 1083 | 1039 99.0 | 1154 50.2 375 375 421 451 125

05| 03| 1161 | 116.1 | 106.2 919 | 105.1 50.1 211 211 28.4 35.0 52

05| 05| 1143 ]| 1143 100.0 79.8 93.2 50.0 10.9 10.9 175 25.0 2.3

05| 0.7 1026 | 102.6 84.8 67.3 79.9 50.0 4.4 4.4 9.0 150 0.8

05| 09 7.7 7.7 62.6 555 63.6 50.2 0.7 0.7 25 5.0 0.1

10| 01| 1082 | 1082 | 103.8 99.0 | 115.2 49.9 37.3 37.3 41.9 449 124

10| 03| 1161 | 116.1 | 106.2 91.7 | 105.1 50.0 211 211 28.4 35.0 52

10| 05| 1143 | 1143 | 100.0 80.1 93.1 49.9 11.0 11.0 175 25.0 2.3

10| 07| 1026 | 1027 84.8 67.0 79.8 50.3 4.4 4.4 9.0 151 0.8

1.0 0.9 77.8 77.8 62.6 554 63.6 49.9 0.7 0.6 2.5 5.0 0.1

15| 01| 1082 | 1082 | 103.9 99.0 | 1153 50.0 374 374 42.0 45.0 12.5

15| 03| 116.1| 116.1 | 106.2 918 | 105.1 50.0 211 211 28.4 35.0 52

15| 05| 1143 | 1143 | 100.0 80.0 93.2 50.0 11.0 10.9 175 25.0 2.3

15| 0.7 | 1026 | 102.6 84.8 67.5 79.8 49.9 44 44 9.0 15.0 0.8

e e e e e e S )

151 0.9 77.8 77.8 62.5 55.3 63.6 49.9 0.7 0.6 2.5 5.0 0.1

Table 4.2.4.2: Gamma distribution results with g =

9 gl p|rRE® [ RE@ [ RE@) [ RE@ [ REE) [ RB(O) [ RB() [ RB() [ RBE) | RB(A) | RE()

05| 01 1082 | 108.2 | 103.9 99.0 | 1153 49.9 374 37.3 419 449 12.4

05| 03| 1161 | 116.1 | 106.2 918 | 105.1 49.8 211 211 28.3 349 52

05| 05| 1143 | 1143 ] 100.0 80.1 93.2 49.9 10.9 10.9 17.5 25.0 2.3

05| 0.7 1026 | 102.6 84.9 67.4 79.9 49.8 4.4 4.4 9.0 15.0 0.8

05| 09 77.8 77.8 62.6 554 63.7 49.8 0.6 0.6 25 5.0 0.1

10| 01| 1082 | 108.2 | 103.9 99.0 | 1153 49.9 374 374 41.9 449 124

10| 03| 1161 | 116.1 | 106.2 918 | 105.1 49.8 211 211 28.3 349 52

10| 05| 1143 | 1143 | 100.0 80.1 93.1 49.9 10.9 10.9 17.5 25.0 2.3

10| 07| 1026 | 102.6 84.9 67.3 79.9 49.8 4.4 4.4 9.0 15.0 0.8

1.0] 09 77.8 77.8 62.7 555 63.7 49.8 0.6 0.6 25 5.0 0.1

15| 01| 1082 | 108.2 | 103.9 99.0 | 1153 50.0 374 374 420 45.0 125

15| 03| 1161 | 116.1 | 106.2 918 | 105.1 49.9 211 211 28.3 349 52

15| 05| 1142 | 1143 | 100.0 80.2 93.1 49.8 10.9 10.9 17.5 24.9 2.3

15| 07| 1026 | 102.6 84.9 67.4 79.9 50.1 44 44 9.0 15.0 0.8

Nl N N DN DN DN DN NN NN NN NN

15] 09 77.8 77.8 62.6 555 63.6 49.8 0.6 0.6 25 5.0 0.1
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Table 4.2.5.0: Normal distribution results withg =0
g Bl P RE()) | RE(2) | RE() | RE(4) | RE(5) | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
o[ o5] 01| 2002 1002 12001 100.0| 1003 10 038 038 09 09 03
o[ o5] 03[ 2003 1003 12001| 999 100.0 10 05 05 06 07 0.1
o[ o5] 05 2003 1003 12000 997 997 10 03 03 04 05 0.0
o[ o507 99| 999 97| 995[ 994 10 0.1 0.1 0.2 03 0.0
o[ o509 94| 994 93| 992 991 10 0.0 0.0 0.1 0.1 0.0
o[ 20 01| 2002 1002 12001 1000 1003 10 038 038 09 09 03
o[ 20] 03[ 2003 1003 12001 | 999 100.0 10 05 05 06 07 0.1
o[ 20 05 2003] 1003 ] 12000 997 997 10 03 03 04 05 0.0
o[ 2007 99| 999 997 995[ 994 10 0.1 0.1 0.2 03 0.0
o[ 20 09| 994] 994 93| 992] 991 1.0 0.0 0.0 0.1 0.1 0.0
o[ 15[ 01| 12002| 1002| 1001 100.0 | 100.3 1.0 038 038 0.9 0.9 03
o[ 15[ 03[ 12003 1003 12001 | 999 100.0 10 05 05 06 07 0.1
o[ 25 05 12003] 1003 ] 12000 997 997 10 03 03 04 05 0.0
o[ 15[ 07| 999 999 9.7 995[ 994 1.0 0.1 0.1 0.2 03 0.0
o[ 15[ 09 994] 994 93| 992] 991 1.0 0.0 0.0 0.1 0.1 0.0
Table 4.2.5.1: Normal distribution results withg =1

g Bl P RE(1)) | RE(2) | REE) | RE(@) | REG) | RBO) | RB(1) | RB2) | RBR) | RB(4) [ RB(5)
1] o5] 01| 2002 1002 12001 100.0| 1003 10 038 038 09 09 03
1] 05[] 03] 12003[ 12003 [ 1001 | 99.9 [ 100.0 1.0 05 05 0.6 07 0.1
1] 05[] 05[] 12003| 1003 1000 99.7[ 997 1.0 03 03 04 05 0.0
10507 99| 999 97| 995[ 994 10 0.1 0.1 0.2 03 0.0
10509 994 994 993 992 991 10 0.0 0.0 0.1 0.1 0.0
1] 10] 01| 2002 2002 12001 100.0| 1003 10 038 038 0.9 0.9 03
1] 10] 03] 2003| 12003 [ 1001 | 999 | 100.0 1.0 05 05 0.6 07 0.1
1] 10] 05[] 12003| 12003 [ 1000 997 997 1.0 03 03 04 05 0.0
11007 99| 999 97| 995[ 994 10 0.1 0.1 0.2 03 0.0
11009 994 994 993 992 991 10 0.0 0.0 0.1 0.1 0.0
1] 15] 01| 2002 1002 12001 100.0| 1003 10 038 038 0.9 0.9 03
1] 15] 03] 12003 | 1003 [ 1001 | 999 | 100.0 1.0 05 05 0.6 07 0.1
1] 15] 05[] 12003 | 12003 [ 1000 99.7[ 997 1.0 03 03 04 05 0.0
11507 99| 999 97| 995[ 994 10 0.1 0.1 02 03 0.0
11509 994 994 993 992 991 10 0.0 0.0 0.1 0.1 0.0
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g B P | RE( | RE(2 | RE() | RE(4) | RE() | RB(O) [ RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
2| 05| 01| 2002| 1002| 1001 1000 12003 10| 08| 08| 09 09 03
2| 05| 03] 2003| 1003 | 1001 999 12000 10| 05| 05| 06| 07| o01
2| 05| 05[] 2003| 1003 | 1000 997 997 10| 03[ 03[ 04| 05| 00
2|05 07| 99| 999 997 995 994 10| 01| 01| 02 03[ 00
2|05 09| 994 994 993 992 991 10| 00| 00| 01| 01| 00
2| 10| 01| 2002 1002| 1001 2000 12003 10| 08| 08| 09 09| 03
2| 10| 03] 2003| 1003 | 1001 999 12000 10| 05| 05| 06| 07| o1
2| 10| 05[] 2003| 1003 | 1000 997 997 10| 03[ 03[ 04| 05| 00
2| 10| 07| 99| 999 997 995 994 10| 01| 01| 02 03[ 00
2 10|09 994 994 993 992 91| 10| 00| 00 01| 01| 00
2| 15[ 01| 12002| 1002 | 1001 12000 12003 10| 08| 08 09| 09| 03
2| 15[ 03] 2003| 1003 | 1001 999 12000 10| 05| 05| 06| 07| o01
2| 15[ 05[] 2003 | 1003| 1000 997 997 10| 03[ 03[ 04| 05| 00
2 15[ 07| 99| 999 997 995 994 10| 01| 01| 02| 03[ 00
2| 15[ 09| 994 994 993 992 91| 10| 00| 00 01| 01| 00

Table 4.2.6.0: Log-Normal distribution results withg =0

g B £ | REQ | RE@ | RE() | RE(4) | RE() | RB(O) [ RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
o[ o501 1207 1207 | 1083 | 983 | 1281 1711 935 933 1347 | 1540 | 235
o[ o5 03] 1329 1329 1127 | 866 | 107.8 | 1675 428 427 800 1172 94
0[ o505 1255| 1256 | 1000 | 701 | 883 | 1698 204 | 203 451 849 | 41
o[ o507 2035] 1035 756 543 693 1665 79| 79[ 213 500| 14
o[ o509 665| 665 488 419 402 1682 12| 12 56| 168 02
o[ 10[ 01| 1206 | 1206 | 1083 | 983 | 1281 1709 932 931 | 1344 | 1538 | 234
o[ 10| 03] 1329 1330 1127 | 86.6| 107.8 | 1701 | 429 428 808 1191| 94
0 1005 1256 | 1256 | 1000 700 | 883 | 1698 204 | 203 452 849 | 41
o[ 1007 2035] 1035 756 543 693 1732 79| 79[ 216 520 14
o[ 1009 664| 665| 488 419 402 1683 12| 12 56| 168 02
0| 15[ 01| 1205| 1206 | 1083 | 983 | 1280 1674 928 927 1321 1507 | 234
0 15[ 03] 1330 1330 1127 | 866 | 107.7 | 1732 431 430 8L7[ 1213| 94
0 15[ 05 1255| 1256 | 1000 | 700 | 882 | 1669 204 | 203| 449| 834 41
0 15[ 07| 1035] 1035 756 543 692 1672 79| 79| 214 502 14
0| 15[ 09| 665| 665 488 420 493 | 1705 12| 12 56| 171 o2
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Table 4.2.6.1: Log-Normal distribution results withg =1
g Bl P RE()) | RE@ | REE) | RE(4) | RE(B) | RB(O) | RB(1) | RB(2 | RB(B) | RB(4) | RB(5)
1 o5 01| 1206 1207 1083 | 983 1281 1706 | 934 932 1343 1535 234
1 o5] 03[ 1329 1330 1127 | 867 | 1078 | 1695 | 429 428 805| 1187 9.4
1] 05[] 05 1256 | 1256 | 1000 | 699 | 883 | 1689 | 204 204| 452 845 4.1
10507 035[ 1036 756 543 692 1695 7.9 79| 214 508 14
1] o509 665[ 665 487 419 492 169.8 12 12 56| 17.0 0.2
110 01| 1204 1204 1082 983 1279 1661 | 922 920 1311 | 1495| 233
1] 10] 03[ 1330 1330 1127 | 866 | 1078 | 1674 | 429 428 800 [ 1172 9.4
1] 10] o5 1255 1255 1000 700 883 | 169.3| 204 204 452 847 4.1
11007 1035[ 1035 756 544 693 1711 7.9 79| 214 513 14
1] 10[ 09| 665[ 665 487 418 492 1689 12 12 56 169 0.2
1] 15] 01| 1208 1208 1084 | 983 1281 1751 | 941| 939 | 137.3| 1576 | 235
1| 15[ 03] 1328 1328 1127 | 867 | 1078 | 1671 | 427 426 797 [ 1170 9.3
1] 15[ 05 1257 1258 1000 699 882 1706| 205| 205[ 455[ 853 4.1
1] 15[ 07| 1035 1035 756 | 543 692 1722 7.9 79| 216 517 14
1] 15[ 09 665[ 665 488 419 492 169.2 12 12 56 169 0.2
Table 4.2.6.2: Log-Normal distribution results with g = 2
g B P | REQ) | RE(2 | REMB) | RE(@) | RE() | RB(O) | RB(1) | RB(2) | RB(3) | RB(4) | RB(5)
2 05 01| 1206 | 1206 | 1083 | 983 | 1280 | 1695 931 | 929 1335 1525 | 234
2[ 05[] 03| 1330 1330 1128 | 866 1078 1730 430 429 815[ 1211 9.4
2| 05|05 1255 1256 1000 701 | 883 | 1683 | 204 | 203| 449 841 4.1
2[ 05[] 07| 12035[ 1035 756| 544 693 167.1 7.9 79 213 501 14
2[ o509 665] 665 490 421 494 166.0 12 12 56| 166 0.2
2 10 01| 1206 | 1206 | 1083 | 983 1280 1700 | 932 930 1339 | 1530 | 234
2 10 03| 1328 1328 1127 | 866 | 1078 1702 | 428 427 806 1191 9.3
2| 10| 05| 1256 1256 1000 700| 883 | 1688 | 204 | 203| 450 844 4.1
2[ 10 07| 2035] 1035 757 545[ 693 167.4 7.9 79 213] 502 14
2 10 09| 664 664 487| 419 492 1698 12 12 56| 170 0.2
2 15| 01| 1206 | 1207 | 1083 | 983 1280 | 1706 | 935 933 1344 | 1536 | 234
2 15[ 03| 1327 1327 1126 | 866 1077 | 1693 | 427 426 803 1185 9.3
2| 15[ 05| 1256 1256 1000 700 883 | 1704 | 204 | 204 | 453 852 4.1
2[ 15[ 07| 12035] 1035 756| 544 69.3| 1688 7.9 79| 214 506 14
2 15[ 09| e64| 665| 488| 419 492 1681 12 12 56| 168 0.2
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Table 4.2.7.0: Beta distribution results with g=0

9| p| o | RE®W | RE@ | RE@) [ RE@ [ RE) [ RB(O) | RB(Y) [ RB(2) | RBE3) | RB(4) | RE()

05| 01 1020 | 102.0| 101.0 99.8 | 104.2 111 9.1 9.1 9.6 10.0 3.6

05| 03 1042 | 1042 | 1016 98.2 | 101.2 11.1 5.8 5.8 6.8 7.8 15

05| 05| 1040 | 104.0 | 100.0 95.3 97.2 11.1 3.1 3.1 4.3 5.6 0.6

05| 0.7 100.4 | 100.4 95.7 91.2 92.6 111 13 13 2.3 3.3 0.2

05| 09 91.9 91.9 88.3 86.1 87.0 111 0.2 0.2 0.7 11 0.0

10| 01| 1020 | 1020 | 101.0 99.8 | 104.2 111 9.1 9.1 9.5 10.0 35

1.0] 03| 1043 | 1043 | 1016 98.2 | 101.2 11.1 5.8 5.8 6.8 7.8 15

1.0] 05| 1040 | 1040 | 100.0 95.2 97.2 11.1 3.1 3.1 4.3 55 0.6

10| 07| 1004 | 100.4 95.7 911 92.6 111 13 13 2.3 3.3 0.2

1.0 0.9 91.8 91.8 88.3 86.0 86.9 111 0.2 0.2 0.7 11 0.0

15| 01| 1020 | 102.0 | 101.0 99.8 | 104.2 111 9.1 9.1 9.5 10.0 3.5

15| 03| 1042 | 1042 | 101.6 98.2 | 101.2 111 5.7 5.7 6.7 7.8 15

15| 05| 1040 | 104.0 | 100.0 95.2 97.3 111 31 31 4.3 55 0.6

15| 0.7 | 1004 | 100.4 95.7 91.1 92.6 111 1.3 1.3 2.3 3.3 0.2

O] O] O] O] O] O] o] O] o] o] o] o] o] o] ©

151 0.9 91.9 91.9 88.3 86.1 87.0 111 0.2 0.2 0.7 11 0.0

Table 4.2.7.1: Beta distribution results with g = 1

9 gl p|rRE® [ RE@ [ RE@) [ RE@ [ REE) [ RB(O) [ RB() [ RB) [ RBE) | RB(A) | RE()

05| 01 102.0| 1020 | 101.0 99.8 | 104.2 111 9.1 9.1 9.6 10.0 3.6

05| 03 1042 | 1042 | 1016 98.2 | 101.2 111 5.7 5.7 6.7 7.8 15

05| 05 104.0| 1040 | 100.0 95.2 97.3 111 3.1 3.1 43 5.6 0.6

05| 0.7 100.4 | 100.4 95.7 91.2 92.6 111 13 13 2.3 3.3 0.2

05| 09 91.9 91.9 88.3 86.1 87.0 111 0.2 0.2 0.7 11 0.0

10| 01| 102.0| 102.0 | 101.0 99.8 | 104.2 11.2 9.1 9.1 9.6 10.0 3.6

10| 03| 1043 | 1043 | 1016 98.2 | 101.2 111 5.8 5.8 6.8 7.8 15

10| 05| 1040 | 104.0 | 100.0 95.3 97.2 111 3.1 3.1 43 5.6 0.6

1.0] 0.7 | 100.4 | 100.4 95.7 911 92.6 111 13 13 2.3 3.3 0.2

1.0] 09 91.9 91.9 88.3 86.1 87.0 111 0.2 0.2 0.7 11 0.0

15| 01| 102.0| 102.0 | 101.0 99.8 | 104.3 11.2 9.2 9.2 9.6 10.0 3.6

15| 03| 1042 | 1042 | 101.6 98.2 | 101.2 111 5.7 5.7 6.7 7.8 15

15| 05| 1040 | 104.0 ( 100.0 95.3 97.2 111 3.1 3.1 43 5.6 0.6

15| 0.7 | 1004 | 100.4 95.7 911 92.6 111 13 13 2.3 3.3 0.2

S ] ] e e e e e e e e G Y

15] 09 91.9 91.9 88.4 86.2 87.0 111 0.2 0.2 0.7 11 0.0
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Table 4.2.7.2: Beta distribution results with g = 2
9| p| P | rRE®W | RE@ | REQ) [ RE@ | REG) | RB(O) | RB(L) | RB2) | RBE3) | RB(4) | RBE)

2| 05| 01| 12020| 12020 | 1010 99.8| 1042 | 111 9.1 9.1 9.6 [ 10.0 3.6
2| 05| 03| 1042 | 1042 | 1016 | 983 1012 111 5.7 5.7 6.7 7.8 15
2| 05| 05| 1040 | 1040 | 12000 [ 952 973| 111 3.1 3.1 4.3 5.6 0.6
2| 05| 07| 1004 | 1004 | 957 911 926 111 1.3 1.3 2.3 3.3 0.2
2|l 05| 09| 919| 919 883 80| 870| 111 0.2 0.2 0.7 1.1 0.0
2| 10| 01| 1020| 12020 | 1010 99.8| 1042 | 111 9.1 9.1 9.6 [ 10.0 3.6
2| 10| 03| 1043 | 1043 | 1016 | 982 1012 111 5.8 5.8 6.8 7.8 15
2| 10| 05| 1040 | 12040 12000 | 952 972| 111 3.2 3.1 4.3 5.6 0.6
2| 10| 07| 1004 | 1004 | 957 911 926| 111 1.3 1.3 2.3 3.3 0.2
2| 10| 09| o919| 919 883 81| 870 111 0.2 0.2 0.7 1.1 0.0
2| 15[ 01| 1020 12020 1010 998 | 1042 | 112 9.2 9.2 9.6 [ 10.0 3.6
2| 15| 03| 1043 | 1043 | 1016 | 982 1012| 112 5.8 5.8 6.8 7.8 15
2| 15| 05| 1039 | 1040 12000 | 953 972| 111 3.1 3.1 4.3 5.6 0.6
2| 15[ 07| 1004 | 12004 | 957 911] 926| 111 1.3 1.3 2.3 3.3 0.2
2| 15| 09| o918| 918| 883 80| 869 111 0.2 0.2 0.7 1.1 0.0
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Appendix B

R-codes used for simulation
for (g in seq(0.0, 2, 1.0))
{

for (beta in seq(0.5, 1.5, 0.5))

{
for (rho in seq(0.1,0.91,0.2))

{
rbOu<-c()
relu<-c()
rblu<-c()
re2u<-c()
rb2u<-c()
re3u<-c()
rb3u<-c()
red4u<-c()
rb4u<-c()
re5u<-c()
rb5u<-c()
nitr<-500
for(jjj in seq(,nitr,1))

np<-1000

ns<-50

#Uniform distribution
#x<-runif(np, 5, 50)
#Exponential distribution
#x<-rexp(np)

#Chisquare distribution

# ax<-3

# bx<-2

# x<-rgamma(np,ax,bx)
#Gamma distribution

# ax<-2

# bx<-1.0

# x<-rgamma(np,ax,bx)
#Normal Distribution
#x<-rnorm(np, 2, 0.2)
#LogNormal Distribution
#x<-rlnorm(np)

#Beta distribution
x<-rbeta(np, 3, 2)
#***************************
pi<-x/sum(x)
pi0<-(1/np)*pi”0
pil<-(1+1/np)*(1-rho)*(1+pi)*rho-1
pi2<-(1-rho)/np+rho*pi
pi3<-(1/np)*(1-rho)*pi~rho
pi4<-1/(np*(1-rho)+rho/pi)
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pi5<-(1-rho™(1/3))/np + rho™(1/3)*pi
t1<-0.65

t2<-0.25

t3<-1-t1-t2

t4<-0.25

t5<-0.65

t6<-1-t4-t5

th1<-2.0

th2<-1.5

cgl<-0.10

€g2<-0.20

a<-1.0

f1<-20

f2<-t3*f1/t6

#cat(t1,t2,t3,t4,15, t6,th1,th2,cgl,cg2,\n’)

emsigilsq<-(t1+t2*th172*(1+cgl”2)-(t1+t2*th1)"2)*(beta"2+pi*2+a*pi~g)+t3*(1-t3)*f1"2-
2*t3*fL*(t1+t2*th1l)*beta*pi

#print(c(emsigilsq))
emsigi2sq<-(t4+t5*th2/2*(1+cg2/2)-(t4+t5*th2)"2)* (beta2+pi"2+a*pig) +t6* (1-t6)*f2/2-
2*t6*f2* (t4+t5*th2)*beta*pi

#print(c(emsigi2sq))

#************************************P I0**************************
term10<-sum(emsigilsq*pi/pi0"2) + (t1+t2*th1)"2*(beta™2*(sum(pi~3/pi0"2)-
(sum(pi*2/pi0))"2  +  a*sum(pi®(g+l)*(1-pi)/pi0n2))) +  (t3*fl)*sum(pi*  (1/pi0-
sum(pi/pi0))"2) + 2*(t3*f1)*(t1+t2*th1)*beta*sum(pi*(1/pi0-sum(pi/pi0))*(pi/piO-
sum(pi”2/pi0)))

term20<-sum(emsigi2sq*pi/pi0"2) + (t4+t5*th2)"2* (beta2*(sum(pi~3/pi0"2)-
(sum(pin2/pi0))*2  +  a*sum(pi®(g+l)*(1-pi)/pi0”2))) +  (t6*f2)*sum(pi*  (1/piO-
sum(pi/pi0))"2) i 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pi0-sum(pi/pi0))*(pi/piO-
sum(pi*2/pi0)))

vO<-(sqrt(term10)+sqgrt(term20))2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2* (sum(pi*2/pi0)-
1)~2+a*sum((pi/pi0-1)"2*pig)
rb0<-100*(sum(pi*2/pi0)-1)

rbOuljjj]<-rbo

#*******************************************************************

#**********************************P I 1********************************
terml1<-sum(emsigilsq*pi/pil"2) + (t1+t2*th1)"2*(beta™2*(sum(pi~3/pil~2)-
(sum(pi*2/pil))*2  +  a*sum(pif(g+l)*(1-pi)/piln2))) +  (t3*fl)*sum(pi*  (1/pil-
sum(pi/pil))"2) + 2*(t3*f1)*(t1+t2*th1)*beta*sum(pi*(1/pil-sum(pi/pil))*(pi/pil-
sum(pi*2/pil)))

term21<-sum(emsigi2sq*pi/pil"2) + (t4+t5*th2)"2* (beta2*(sum(pi~3/pil”2)-
(sum(pin2/pil))*2  + a*sum(pir(g+l)*(1-pi)/pil"2))) +  (t6*f2)*sum(pi*  (1/pil-
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sum(pi/pil))"2) + 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pil-sum(pi/pil))*(pi/pil-
sum(pi”2/pil)))

v1<-(sqrt(termll)+sqgrt(term21))"2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2*(sum(pi*2/pil)-
D)A2+a*sum((pi/pil-1)"2*pig)

rel<-v0*100/v1

rb1<-100*(sum(pi*2/pil)-1)

relufjjjl<-rel
rblu[jjjl<-rbl

#**********************************P I2********************************

term12<-sum(emsigilsq*pi/pi2"2) + (t1+t2*th1)"2*(beta2*(sum(pi”3/pi2"2)-
(sum(pin2/pi2))2  + a*sum(pi®(g+l)*(1-pi)/pi2~2))) +  (t3*fl)*sum(pi*  (1/pi2-
sum(pi/pi2))"2) + 2*(t3*f1)*(t1+t2*th1l)*beta*sum(pi*(1/pi2-sum(pi/pi2))*(pi/pi2-
sum(pi”2/pi2)))

term22<-sum(emsigi2sq*pi/pi2"2) + (t4+t5*th2)"2* (beta2* (sum(pi*3/pi2"2)-
(sum(pin2/pi2))*2  +  a*sum(pi®(g+l)*(1-pi)/pi2*2))) +  (t6*f2)*sum(pi*  (1/pi2-
sum(pi/pi2))"2) i 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pi2-sum(pi/pi2))*(pi/pi2-
sum(pi*2/pi2)))

v2<-(sqrt(term12)+sqrt(term22))2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2* (sum(pi*2/pi2)-
1)"2 + a*sum((pi/pi2-1)"2*pi"g)

re2<-v0*100/v2
rb2<-100*(sum(pi*2/pi2)-1)

re2ufjjjl<-re2
rb2u[jjjl<-rb2

#**********************************P I3********************************

term13<-sum(emsigilsq*pi/pi3"2) + (t1+t2*th1)"2*(beta™2*(sum(pi”3/pi3"2)-
(sum(pin2/pid))"2 + a*sum(pi®(g+1)*(1-pi)/pi3r2))) +  (t3*fl)*sum(pi* (1/pi3-
sum(pi/pi3))"2) + 2*(t3*f1)*(t1+t2*th1)*beta*sum(pi*(1/pi3-sum(pi/pi3))*(pi/pi3-
sum(pi”2/pi3)))

term23<-sum(emsigi2sq*pi/pi3"2) + (t4+t5*th2)"2* (beta2* (sum(pi~3/pi3"2)-
(sum(pin2/pi3))*2  +  a*sum(pi®(g+l)*(1-pi)/pi3*2))) +  (t6*f2)*sum(pi*  (1/pi3-
sum(pi/pi3))"2) i 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pi3-sum(pi/pi3))*(pi/pi3-
sum(pi*2/pi3)))

v3<-(sqrt(term13)+sqgrt(term23))2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2* (sum(pi*2/pi3)-
1)"2+a*sum((pi/pi3-1)"2*ping)

re3<-v0*100/v3

rb3<-100*(sum(pi~2/pi3)-1)

re3ufjjjl<-re3
rb3u[jjj]<-rb3
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#**********************************P I4********************************
terml14<-sum(emsigilsq*pi/pi4"2) + (t1+t2*th1)"2*(beta2*(sum(pi*3/pid"2)-
(sum(pin2/pid))*2  +  a*sum(pir(g+l)*(1-pi)/pid~2))) +  (t3*fl)*sum(pi*  (1/pis-
sum(pi/pi4))"2) i 2*(t3*f1)*(t1+t2*th1)*beta*sum(pi*(1/pi4-sum(pi/pid))*(pi/pid-
sum(pi”2/pid)))

term24<-sum(emsigi2sq*pi/pi4"2) + (t4+t5*th2)"2*(beta™2* (sum(pi~3/pid"2)-
(sum(pi~2/pid))"2  +  a*sum(pi®(g+l)*(1-pi)/pid~2))) +  (t6*f2)*sum(pi*  (1/pid-
sum(pi/pi4))"2) + 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pi4-sum(pi/pid))*(pi/pi4-
sum(pi”2/pi4)))

vAa<-(sqrt(term14)+sqrt(term24))2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2* (sum(pi~2/pi4)-
D)A2+a*sum((pi/pi4-1)"2*pi”g)

re4<-v0*100/v4

rb4<-100*(sum(pi~2/pi4)-1)

reduljjjl<-re4
rb4u[jjjl<-rba

#**********************************P I5********************************
term15<-sum(emsigilsq*pi/pi5"2) + (t1+t2*th1)"2*(beta™2*(sum(pi~3/pi5"2)-
(sum(pi*2/pi5))"2  +  a*sum(pi®(g+1)*(1-pi)/pi5™2))) +  (t3*fl)*sum(pi*  (1/pi5-
sum(pi/pi5))"2) + 2*(t3*f1)*(t1+t2*th1)*beta*sum(pi*(1/pi5-sum(pi/pi5))*(pi/pi5-
sum(pi”2/pis)))

term25<-sum(emsigi2sq*pi/pi5"2) + (t4+t5*th2)"2* (beta2* (sum(pi~3/pi5"2)-
(sum(pin2/pi5))*2  + a*sum(pi®(g+1)*(1-pi)/pi5*2))) +  (t6*f2)*sum(pi* (1/pi5-
sum(pi/pi5))"2) i 2*(t6*f2)* (t4+t5*th1)*beta*sum(pi*(1/pi5-sum(pi/pi5))*(pi/pi5-
sum(pi*2/pi5)))

v5<-(sqrt(term15)+sqrt(term25))2/(ns*(t1-t4+(t2*th1-t5*th2))"2)+beta2* (sum(pi*2/pi5)-
D2 + a*sum((pi/pi5-1)"2*pi"g)

re5<-v0*100/v5
rb5<-100*(sum(pi*2/pi5)-1)
re5uljjj]<-re5

rb5uljjjl<-rb5

}

rbOu<-round(mean(rbOu),2)
relu<-round(mean(relu),2)
rblu<-round(mean(rblu),2)

re2u<-round(mean(re2u),2)
rb2u<-round(mean(rb2u),2)

re3u<-round(mean(re3u),2)
rb3u<-round(mean(rb3u),2)

re4u<-round(mean(re4u),2)
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rb4u<-round(mean(rb4u),2)

re5u<-round(mean(re5u),2)
rb5u<-round(mean(rb5u),2)
cat(g, beta, rho, relu, re2u, re3u, redu, re5u,rbOu, rblu, rb2u, rb3u, rb4u, rb5u,'\n’)
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