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Abstract 

In this paper, the problem of optimum stratification in stratified sampling is 

considered on a concomitant variable x which is highly correlated with the estimation 

variable y, in the light of a-priori distributions, for the allocation proportional to stratum total 

of the auxiliary variable x. Unlike earlier techniques and approaches, available in literature, 

used in obtaining methods of stratification for the said allocation, the problem is dealt with in 

a different way and hence a distinct set of equations giving optimum points of stratification 

and a few distinct methods for finding approximately optimum points of stratification have 

been obtained. All these proposed methods of stratification are found efficient as well as easy 

to use when examined empirically by illustrating them in several generated data. 

 

Keywords: Allocation; Auxiliary variable; Optimum points of stratification; Probability 

density functions; Simple random sampling with and without replacement. 
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1. Introduction 

 

 In the field of construction of strata in stratified sampling, it was Dalenius (1950) who 

first considered the problem of optimum stratification based on estimation variable for 

Tschuprow (1923) and Neyman (1934) optimum allocation. Since then, the work in this area 

has been being progressively extended by several researchers into various ways, dimensions 

and results. To mention a few pertinent ones, among many, are Dalenius and Gurney (1951), 

Dalenius and Hodges (1959), Taga (1967), Singh and Sukhatme (1969, 1972), Singh and 

Prakash (1975), Singh (1971, 1975 a, b, c) etc., who considered the problem of construction 

of strata for various allocations with different methods of sampling.  

 

Rao (1968) obtained allocation proportional to stratum total of auxiliary variable 

which is highly correlated with estimation variable, auxiliary variable proportional allocation 

(AVPA), under the following superpopulation model: 
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Yadava and Singh (1984) considered the problem of optimum stratification under 

simple random sampling scheme for the abovementioned allocation – AVPA - proposed by 

Rao (1968). They obtained equations giving optimum points of stratification (OPS) and a few 

methods of finding approximately optimum points of stratification (AOPS). Gupt and 

Ahamed (2020) too considered problem of optimum stratification for a generalized AVPA 

obtained by Gupt (2003, 2012), i.e., 

                                 
hh Zn                  (2) 

where h

g

jhh NjXZ ,...,2,1,2/  , provided  
 

h

h
h

Z

x
g


   are equal in all strata h=1, 2, …, L 

under the model (1) when  ii xyV is proportional to
g

ix and g is the level of hetero- 

scedasticity. A particular case of the methods of stratification obtained by the authors when 

g =2 gives the methods of stratification for the allocation AVPA which were also obtained 

by Yadava and Singh (1984).  

 

In this paper too, the problem of optimum stratification for allocation AVPA in the 

light of the priori distributions (1) is considered, but a different technique and procedure is 

used. We obtain equations giving OPS and a few methods for finding AOPS which are quite 

different from the ones obtained by Yadava and Singh (1984), i.e., the particular case of the 

methods obtained by Gupt and Ahamed (2020). The methods of approximation obtained in 

this paper are suitable for practical applications. These proposed methods will hold good for 

stratified simple random sampling without replacement also when finite population correction 

is ignored in each stratum. 

 

In section 2 of this paper, the equations giving OPS and a few methods giving AOPS 

are obtained. In section 3, numerical illustrations of all the proposed methods in this paper by 

using generated data and comparison of the methods with respect to the methods proposed by 

Gupt and Ahamed (2020) for particular case g=2 are carried out. In section 4, conclusion is 

given.  

 

2. Equations Giving OPS and Methods of Finding AOPS 

 

The allocation taken is  

                                       hn 
hX ,                           (3) 

where,
hX is total of thh stratum. The allocation (3) can be written as  

                                 X

XW
n

hh
h  ,               (4) 

where 
hW is the proportion of population units in the hth stratum, hX is the mean for x in hth 

stratum and X is the population mean. Using (4) in the sampling variance for stratified 

sampling in simple random sampling with replacement (SRSWR), i.e.,   
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where, L is total number of strata. 
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Considering the superpopulation model (1), Gupt (2003, 2012) obtained conditional 

expectation of 2

yh  given x as  
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For strata of large sizes, we can consider
h

h

N

N 1
1 , and therefore, we obtain the 

following expression 
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                  where )X,...,X,X(X L21


. 

 

The conditional expectation of variance in (6) is partially differentiated with respect to 
hx

(h=1, 2, …, L-1), and the derivative is equated to zero to obtain equations that minimize the 

expected conditional variance. Thus, we proceed as follows: 
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Taking the first term, we get 
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and considering the expression 
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If we consider f(x) is the probability density function for stratification variable x, we have 
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Therefore, we can get  
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Using (10) and (11) in equation (9), we get 
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Again using (10) and (12) in equations (8), we get 
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Similarly,  
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Substituting (13) and (14) in (7), we get 
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where, 
h

xh

xh
X

C


  is the coefficient of variation of x variable in the hth stratum. 

Thus, we have got equations (15) which will give OPS.  

 

For finding methods of approximation, we neglect square of coefficients of variation
2

xhC  in (15) as square of coefficients of variation are expected to be very small quantities 

relatively with unity, then we can get   

                                     1 hhh XXx               (16) 

which will give AOPS.  

  

On the other hand, we may consider 2

xhC are not negligible in all strata, but they are 

approximately equal in two successive strata, ,2
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each of 2

xhC  and 
2

)1( xhC  is approximately replaced by their geometric mean in (15), we can get 
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which will also give AOPS. 

 

If we replace 
2
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2
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Then, we can again obtain,  

                            

1

2

,
2

11 


 hh
xh

h XXCx              (18) 

which will also give AOPS. 
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 It is clearly seen that in terms of analytical justification, our methods obtained in this 

paper do have equally strong ground with that of proposed methods by Yadava and Singh 

(1984) - special case of the Gupt and Ahamed’s (2020) methods. However, the different 

techniques and procedure used in this paper have yielded different methods and results. It is 

also observed that our methods are much easier to use and provide more options for practical 

applications, whereas their methods are complicated and provide less option for practical 

applications, particularly in the practical applications of their approximation methods. Since 

their approximation methods of stratification are presented in the form of definite integrals 

involving known probability density function of the auxiliary variable based on which 

stratification is to be done, if the stratification variable in population does not follow a known 

probability density function, their methods cannot be used. Our methods are free from such 

restriction. 

 

3. Numerical Illustrations 

 

In order to examine the efficiencies of proposed methods - equations (15) giving OPS 

and methods of approximation (16), (17) and (18) giving AOPS - we use all these methods in 

the populations generated by the following probability density functions. 

a) Chi-square distribution:   
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b) Exponential distribution:   xexf x 1,)( 1
 

c) Normal distribution, X ~ N (3, 1): 2

)3( 2
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1
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x

exf


,  < x <  

d) Right triangular distribution:  21),2(2)(  xxxf  

e) Standard Gamma distribution (Erlang distribution):    xexxf x 1,
2

1
)( 1

 

f) Uniform distribution: 21,1)(  xxf  

 

In the case of generated populations by Chi-square, Exponential and Standard Gamma 

distribution functions, we truncate the distributions such that area under the curve to the right 

of the truncation point is 0.05 whereas normal distribution is truncated at two points such that 

each area under the curve to left and right of truncation points is 0.05. We use equations (15) 

and methods of approximation (16), (17) and (18) in stratifying each of the generated 

populations into numbers of strata L=2, 3, 4, 5, 6 in which OPS and AOPS are found out for 

each number of strata, and hence sampling variances of stratified sampling at optimum points 

and approximately optimum points for each number of strata are calculated. OPS and AOPS 

are found by successive iterations. We also calculate sampling variances of stratified 

sampling for equal interval stratification in each of the populations for each of the considered 

numbers of strata. The relative efficiencies of equations (15) and methods of approximation 

(16), (17) and (18) with respect to equal interval stratification are calculated and shown in 

Tables 1, 2, 3, 4, 5 and 6. 

 

The regression function xxC  )( is taken to be linear with the slope at 450. The 

constant 2  in 
22)|( xxyV  is determined in each case in such a way that 90% of the total 

variation is accounted for by the regression. Secondly, we compare the efficiencies of 

equations (15) and methods of approximations (16), (17) and (18) with the equations giving 

OPS and methods of approximation proposed by Gupt and Ahamed (2020) for particular case 
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g=2, in the three populations of Uniform, Right-triangular and Exponential density functions 

in which the authors illustrated their proposed methods. These comparisons are given in 

Tables 7, 8 and 9. 

 

Table 1: Comparison with equal interval stratification, Chi-square distribution 
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Stratification 
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method (17) 

Stratification due to approx. 
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2 4.00 0.841 2.747 0.646 130 2.661 0.646 130 2.747 0.646 130 2.747 0.646 130 

3 3.00 

5.00 

0.795 2.112 

3.759 

0.349 228 2.055 

3.689 

0.350 227 2.111 

3.758 

0.349 227 2.112 

3.758 

0.349 227 

 

4 

2.50 

4.00 

5.50 

 

0.359 

2.015 

3.189 

4.622 

 

0.275 

 

131 

 

1.735 

2.725 

4.300 

 

0.277 

 

129 

2.015 

3.188 

4.623 

 

0.275 

 

131 

2.016 

3.189 

4.623 

 

0.275 

 

131 
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2.20 

3.40 

4.60 

5.80 

 

 

0.279 

2.015 

3.172 

4.504 

5.860 

 

 

0.262 
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1.735 

2.725 

4.240 

5.809 

 

 

0.259 
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3.172 

4.504 

5.860 
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3.172 

4.505 

5.860 

 

 

0.262 

 

 

106 

 

 

6 

2.00 
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1.751 

2.613 

3.631 

4.797 

6.177 
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4.789 

6.171 

 

 

0.219 
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3.652 

4.848 

6.202 
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4.849 

6.207 
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It is seen that in the population of Chi-square distribution, the proposed equations (15) 

and methods of approximation are found to be more efficient than that of equal interval 

stratification for all numbers of strata and relative efficiency is remarkably high for stratum 3. 

Moreover, methods of approximations (16), (17) and (18) are having same efficiencies with 

that of the proposed equations (15) in almost all the numbers of strata. 

 

Table 2: Comparison with equal interval stratification, Exponential distribution 
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Stratification 
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equations (15) 
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2 2.50 0.202 2.054 0.167 121 1.986 0.168 120 2.054 0.167 121 2.054 0.167 121 

3 2.00 

3.00 

0.123 1.689 

2.572 

0.100 123 1.649 

2.534 

0.101 122 1.688 

2.572 

0.100 123 1.689 

2.572 

0.100 123 

 

4 

1.75 

2.50 

3.25 

 

0.089 

1.645 

2.317 

3.151 

 

0.085 

 

105 

1.385 

1.935 

2.765 

 

0.075 

 

119 

1.645 

2.317 

3.148 

 

0.086 

 

103 

1.646 

2.317 

3.150 

 

0.086 

 

103 

 

 

5 

1.60 

2.20 

2.80 

3.40 

 

 

0.081 

1.376 

1.859 

2.465 

3.215 

 

 

0.066 

 

 

123 

1.333 

1.787 

2.355 

3.145 

 

 

0.062 
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1.376 

1.859 

2.465 

3.215 

 

 

0.066 

 

 

123 

1.376 

1.859 

2.465 

3.215 

 

 

0.066 

 

 

123 

 

 

6 

1.50 

2.00 

2.30 

2.80 

3.50 

 

 

0.068 

1.324 

1.690 

2.046 

2.527 

3.215 

 

 

0.054 
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1.319 

1.688 

2.043 

2.524 

3.213 

 

 

0.052 
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1.324 

1.690 

2.046 

2.527 

3.215 

 

 

0.053 

 

 

128 

1.324 

1.690 

2.046 

2.527 

3.215 

 

 

0.053 

 

 

128 

 
In the population of Exponential distribution, all the proposed methods are performing 

with more efficiencies than that of equal interval stratification for all the numbers of strata.  

Moreover, the proposed approximation methods are found in most cases to be performing 

with same efficiencies as or higher than that of proposed equations (15) giving OPS.   
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Table 3: Comparison with equal interval stratification, Normal distribution 
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2 3.00 0.291 2.966 0.291 100 2.928 0.291 100 2.964 0.291 100 2.967 0.291 100 

3 2.366 

3.633 

0.227 2.348 

3.492 

0.222 102 2.199 

3.276 

0.197 115 2.346 

3.491 

0.222 102 2.349 

3.442 

0.222 102 

 

4 

2.05 

3.00 

3.95 

 

0.139 

2.072 

2.939 

3.783 

 

0.121 

 

115 

2.055 

2.927 

3.759 

 

0.122 

 

114 

2.068 

2.939 

3.783 

 

0.121 

 

115 

2.073 

2.939 

3.783 

 

0.121 

 

115 

 

 

5 

1.86 

2.62 

3.38 

4.14 

 

0.117 

2.068 

2.848 

3.350 

3.884 

 

0.111 

 

106 

1.996 

2.602 

3.085 

3.793 

 

0.112 
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2.063 

2.847 

3.350 

3.884 

 

0.111 

 

106 

2.069 

2.848 

3.350 

3.884 

 

0.111 

 

106 

 

 

6 

1.733 

2.366 

3.00 

3.633 

4.266 

 

 

0.107 

1.629 

2.239 

2.921 

3.539 

4.095 

 

 

0.103 

 

 

104 

1.602 

2.215 

2.917 

3.536 

4.091 

 

 

0.0959 

 

 

111 

1.626 

2.239 

2.921 

3.539 

4.095 

 

 

0.103 

 

 

104 

1.629 

2.239 

2.921 

3.539 

4.095 

 

 

0.101 

 

 

106 

 

In the population of Normal distribution, the proposed methods perform with higher 

efficiencies than that of equal interval stratification. At the same time, approximation 

methods are performing almost same as or slightly better than that of equations (15) although 

approximation method (16) is performing better than approximation methods (17) and (18) 

for numbers of strata 4, 5 and 6. 

 

Table 4: Comparison with equal interval stratification, Right Triangular distribution 
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2 1.50 0.028 1.373 0.022 127 1.355 0.022 127 1.373 0.022 127 1.394 0.022 127 

3 1.334 

1.667 

0.014 1.273 

1.587 

0.013 108 1.269 

1.585 

0.013 108 1.272 

1.587 

0.013 108 1.272 

1.587 

0.013 108 

 

4 

1.25 

1.50 

1.75 

 

0.012 

1.180 

1.386 

1.629 

 

0.009 

 

133 

1.178 

1.390 

1.628 

 

0.009 

 

133 

1.179 

1.386 

1.631 

 

0.010 

 

120 

1.179 

1.387 

1.629 

 

0.010 

 

120 

 

 

5 

1.20 

1.40 

1.60 

1.80 

 

 

0.010 

1.170 

1.370 

1.579 

1.736 

 

 

0.010 

 

 

100 

1.178 

1.380 

1.578 

1.736 

 

 

0.009 

 

 

111 

1.179 

1.379 

1.579 

1.736 

 

 

0.010 

 

 

100 

1.179 

1.379 

1.579 

1.736 

 

 

0.010 

 

 

100 

 

 

6 

1.167 

1.334 

1.499 

1.667 

1.833 

 

 

0.009 

1.145 

1.289 

1.435 

1.589 
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0.009 

 

 

100 

1.121 
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100 

 
 In the population of Right-triangular distribution, all the proposed methods of 

stratification are found to be having higher efficiencies than that of equal interval 

stratification except at numbers of strata 5 and 6 at which the proposed equations (15) and 

approximation methods (17) and (18) have same efficiencies with that of equal interval 

stratification. But, proposed method (16) performs better than equal interval stratification.  
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Table 5: Comparison with equal interval stratification, Standard Gamma distribution 
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99 

 

In the population of Standard Gamma distribution, all the proposed methods of 

stratification are stratifying the population more efficiently than equal interval stratification 

except for number of strata 6 at which approximation methods (17) and (18) are having 

slightly less efficiencies than that of equal interval stratification and the proposed equations 

(15) perform with same efficiency as that of equal interval stratification. In this population 

too, the proposed method of approximation (16) is found to be performing with higher 

efficiency than that of equal interval stratification as well as all other proposed methods. 

 

Table 6: Comparison with equal interval stratification, Uniform distribution 
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2 1.50 0.028 1.504 0.028 100 1.498 0.028 100 1.504 0.028 100 1.504 0.028 100 

3 1.334 

1.667 

0.016 1.323 

1.667 

0.016 100 1.318 

1.658 

0.016 100 1.323 

1.666 

0.016 100 1.323 

1.666 

0.016 100 

 

4 

1.25 

1.50 

1.75 

 

0.013 

1.252 

1.475 

1.732 

 

0.013 

 

100 

1.248 

1.469 

1.727 
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1.252 
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1.252 

1.475 

1.732 
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5 

1.20 

1.40 

1.60 

1.80 

 

 

0.0124 
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6 

1.167 

1.334 

1.499 

1.667 

1.833 
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1.873 
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99 

1.162 
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1.708 

1.873 
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For the population of Uniform distribution, equal interval stratification is generally 

considered to be the best stratification method. We have observed that all the proposed 

methods of stratification work with same efficiencies as that of equal interval stratification in 

almost all the considered numbers of strata except at number of strata 6, the proposed 

equations (15) and methods of approximation (17) and (18) are performing with slightly less 

efficiencies than that of equal interval stratification. But at stratum number 5, our proposed 

methods are performing with slightly higher efficiencies than that of equal interval  
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stratification. Hence it is seen that all our proposed methods of stratification are efficient in 

stratifying the population. The proposed approximation method (16) is found to be most 

credibly stratifying the population to give OPS.  

 

On the other hand, as Yadava and Singh (1984) did not perform numerical 

illustration, we compare our proposed equations and methods of approximation with that of 

Gupt and Ahamed (2020) whose special case gives Yadava and Singh’s (1984) methods. The 

comparisons are shown in Tables 7-9. Gupt and Ahamed (2020) illustrated their proposed 

methods in three generated populations of Exponential, Right-triangular and Uniform 

distribution in the same range of x variable as taken in this paper too, and therefore the 

comparison of our methods with respect to their methods are made in these three populations 

only. 

 

Table 7: Comparison with the methods proposed by Gupt and Ahamed (2020), 

Exponential distribution 
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Approximation Methods 
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w.r.t approximation method proposed by 
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efficiency 

of (16) 

Relative 

efficiency 

of (17) 

Relative 

efficiency 

of (18) 

2 0.1673 0.167 100 0.1683 0.168 0.167 0.167 100 101 101 

3 0.1029 0.100 103 0.1045 0.100 0.100 0.100 105 105 105 

4 0.0855 0.085 101 0.0729 0.075 0.086 0.086 97 85 85 

5 0.0659 0.066 100 0.0605 0.062 0.066 0.066 98 92 92 

6 0.0535 0.053 101 0.053 0.052 0.053 0.053 102 100 100 

 

In Exponential distribution, our proposed equations (15) are found to be having same 

or slightly higher efficiencies than that of equations giving OPS proposed by Gupt and 

Ahamed (2020). When we compare our proposed methods of approximation with the method 

of approximation proposed by Gupt and Ahamed (2020), for number of strata 2, 3 and 6 our 

approximation methods are slightly better or equal to that of their method, but for number of 

strata 4 and 5, their approximation method is slightly better. But our proposed approximation 

(16) is having almost same efficiency as that of theirs for numbers of strata 4 and 5.  
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Table 8: Comparison with the methods proposed by Gupt and Ahamed (2020), Right-

triangular distribution 
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2 0.0224 0.022 102 0.0234 0.022 0.022 0.022 106 106 106 

3 0.0130 0.013 100 0.0130 0.013 0.013 0.013 100 100 100 

4 0.0109 0.009 121 0.0102 0.009 0.010 0.010 113 102 102 

5 0.0098 0.010 98 0.0103 0.009 0.010 0.010 114 103 103 

6 0.0088 0.009 98 0.0087 0.008 0.009 0.009 109 97 97 

  

In the population of Right-triangular distribution, the proposed equations (15) are 

having slightly more efficiencies than that of their proposed equations giving OPS for 

numbers of strata 2, 3 and 4. For numbers of strata 5 and 6, the proposed equations (15) are 

having slightly less efficiencies than that of the equations proposed by them. But in the case 

of comparison of the methods of approximations (16), (17) and (18) with their proposed 

method of approximation, our methods are having higher efficiencies except at number of 

strata 6, our proposed methods (17) and (18) are having slightly less efficiencies than that of 

their method of approximation. But, the proposed approximation method (16) is performing 

best of all approximation methods proposed in this paper as well as proposed by them. 

 

Table 9: Comparison with the methods proposed by Gupt and Ahamed (2020), Uniform 

distribution 
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2 0.0278 0.028 99 0.0283 0.0278 0.028 0.0278 102 101 102 

3 0.0164 0.0164 100 0.0168 0.0162 0.0164 0.0164 104 102 102 

4 0.0127 0.0127 100 0.0128 0.0126 0.0127 0.0127 102 101 101 

5 0.0119 0.0119 100 0.0117 0.0119 0.0119 0.0119 98 98 98 

6 0.0108 0.0108 100 0.0113 0.0107 0.0108 0.0108 106 105 105 

 

In the population of Uniform distribution, the proposed equations (15) perform with 

almost same efficiencies as that of their proposed equations giving OPS. The proposed 

methods of approximation (16), (17) and (18) are performing with higher efficiencies than 

that of approximation method proposed by them except for number of strata 5 at which these 
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proposed methods are performing with slightly less efficiencies than that of approximation 

method proposed by them.  

 

In using the approximation methods, Gupt and Ahamed’s (2020) method is restricted 

to use in stratifying population in which auxiliary variable, based on which stratification is to 

be done, of the study variable follows a known probability density function, but our three 

proposed methods of approximation are free from such restriction. 

 

4. Conclusion 

 

In this paper, it is observed that the proposed equations (15) giving OPS and methods 

of approximation (16), (17) and (18) giving AOPS are found to be different from the 

equations and methods proposed by Yadava and Singh (1984), which could be obtained as 

particular case of the generalised methods proposed by Gupt and Ahamed (2020), although 

allocation used is same in all the cases. The use of different techniques and procedure in the 

same problem in this paper has yielded a distinct set of equations for giving OPS and a few 

methods of obtaining AOPS which are very efficient and fairly suitable for practical 

applications in stratifying various heteroscedastic populations. In all the empirical 

illustrations, the proposed equations and methods of approximation are found to be 

performing better than or as good as methods of stratification proposed by other authors 

considered in this paper. It is also fascinating to learn that all the approximation methods 

proposed in this paper are found almost as efficient as exact equations (15) giving OPS. The 

method of approximation (16) - AOPS between any two consecutive strata are given by 

geometric mean of means of two consecutive strata of the auxiliary variable - is found to be 

the best of all the proposed methods in terms of efficiently stratifying population of all types 

and suitability for practical applications. Therefore, this method is recommended for practical 

application in stratifying populations of the considered level of heteroscedasticity optimally. 
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