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Abstract

In this study, we estimate the parameters of the generalized exponential distribution
using moving extreme ranked set sampling (MERSS) and ranked set sampling (RSS). Under
both sampling schemes, we obtain expressions for likelihood functions and derive maximum
likelihood equations and the Fisher information matrices. We numerically compute the
ML estimates. We compare these estimates with estimates obtained by simple random
sampling(SRS) and ranked set sampling using mean square error. Based on simulation
studies, we demonstrate that the RSS scheme is more efficient for small set sizes than MERSS
and SRS for shape and scale parameters.
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1. Ranked set sampling

When sampling environmental and ecological data, there may be situations in which it
is difficult to measure (or quantify) a selected unit with appropriate accuracy, but ranking a
few selected units based on the characteristic of interest can be simple. As an example, if one
wishes to estimate the mean height of trees, then measuring the height of the sampled trees
might be challenging, but there are relatively easy methods to rank small sets of trees based
on eye observation of their heights. Rank set sampling (RSS) was developed by McIntyre
(1952) as an improvement on random sampling in situations such as these, where some
ranking of units may be simple.

A ranked set sample is obtained by randomly selecting m? units from an infinite
population. These units are then partitioned randomly into m equal samples of m units
each. The units in the sample are ranked by judgment or visual inspection or by cheap
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(low cost) way, or by using auxiliary variables but without actual measurements. The unit
with the lowest rank is measured for variable X of interest and the remaining units are
discarded; the second sample of m units is ranked without actual measurements. As a result,
the second-lowest unit in this set is measured for variable X of interest, while the rest are
discarded. Once the largest unit in the last sample of size m has been measured, the entire
procedure is repeated h times, yielding n = mh measured units from m?2h selected units.
Compared to a simple random sample, this ranked set sample also represents the entire
population and is spread throughout the population.

When sampling units are selected without replacement, the estimation of population
mean using RSS, and comparison of RSS estimate to SRS estimate, are discussed in Patil
et al. (1994).

There are different modifications of the methods of RSS available in the literature.
Al-Odat and Al-Saleh (2001) introduced the concept of varied size RSS, which is known as
moving extreme ranked set sampling. The described scheme is as given below.

1.1. Moving extreme ranked set sampling

Step 1. Select m simple random samples of size 1,2, 3, ..., m respectively.

Step 2. Order the sampling units of each of the samples by eye or by some other
relatively inexpensive method, without actual measurements.

Step 3. Measure accurately the maximum order observation from the first set, the
maximum order observation from the second set. The process continues in
this way until the maximum order observation from the last mth sample is
measured.

Step 4. Repeat the Step 1. to Step 3. and then measure the minimum order observation
instead maximum order observation.

Step 5. The prcedure described above is one cycle.The entire cycle can be repeated h
times to obtain a MERSS of size n = 2mh

Hence, this scheme is more simple to implement than RSS. Recently Wangxue et al.
(2019), has implemented the MERSS scheme to estimate parameters of Pareto distribution,
and He et al. (2021) has implemented the MERSS scheme to estimate parameters of log-
logistic distribution and Chen et al. (2021) discussed estimation of location parameter using
maximum likelihood under MERSS scheme.

2. Generalized exponential distribution

Consider a continuous random variable X which follows two-parameter generalized
exponential distribution having cumulative distribution function and probability diensity
function respectively as,

H(w;o8) = (1= e ™)%, a,B.a >0 (1)
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and
hrsa,B) = aB(l — e PP e ¥ o805 0, (2)

Here « is the shape parameter, and [ is the scale parameter.

As seen in (1), the distribution is of the type [F(:)]* where F(-) is a cumulative
distribution function of exponential distribution with scale parameter $. The distribution (1)
is introduced and studied in detail by Gupta and Kundu (1999). According to Gupta and
Kundu (2001), while fitting distribution for positive lifetime data, the generalized exponential
distribution is used as an alternative to the two-parameter Weibull distribution and two
parameter gamma distribution.

The mean and variance of the distribution with density function given in (2) are

Euﬁzgwm+n—wu» (3)
and
vuv——;@ma+n—wm», (4)

where 9(-) is the digamma function and ¢'(-) is the derivative of ¢(-). The skewness
and kurtosis both are independent of the scale parameter and they are decreasing function of
the shape parameter «.

Consider the transformation Y = X in (2) so that the probability density function of
Y is
flysa) =a(l —e™) e, y>0 (5)
Let Y1,Ys,...,Y, be a random sample on Y. Then the pdf of r*® order statistic Y,.,, (r =
1,2,...,n) is

Fol) = G P L= P S) (6
where B(p, q) = l;m, p>0,q>0.

1 n—r ifn—-r o (r+i)a—1
fT:n(y) = B(T,n—r—l— 1)21':0 (_1) ( . >Oé |:]_ — € y:| e y’

_ 1 )ZZ:OT(_Ui (n - 7’) a(r + i) [1— efy](r.+z’)a—1 -

B(r,n—r+1

= ! )Z:O’“_?)f(y;aw +1)).

B(r,n—r+1
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For r =1,2,...,n, the first order and second order moments are
n—r —1 ‘ e
BV = B e Hf) [~0(1) + ¥lalr+) + 1)
1 e (D7) .
B B(r,n—7r+ 1)Zi:07“7—|—i v+ lalr+4) + 1) (M)
and
n—r -1 (" 2
BV = Bom — T i (TL(Z){ [((r +1)a+ 1) +7]
—w’((r—i-i)a—l—l)—i-ﬂz/G}, (8)

where v = —¢(1) = 0.577215... and ¢'(1) = 72/6.

Our discussion assumes that the sampling units are ranked without error for the
characteristic of interest. In section (3) we discuss the estimation of shape and scale
parameters of distribution given in (1) using MERSS scheme. In section (4) we discuss
estimation of shape and scale parameters given in (1) using RSS scheme. Section (6) presents
our findings.

3. The MERSS sample

o Let Xjan, X, Xje2), Xjen, Xje2), Xies), - Xjm), Xjma), - Xjmm) and
Xia1y X1y Xja2)s Xja1yr Xj2)r Xj33)r - - - X j(m1)r Xj(m2)r - - -+ X jimm) D€ independent ran-
dom variables all having the same distribution given in (1) at cycle j = 1,2,...,h In
the case of perfect ranking, for j =1,
X1(1:1) = maX{Xl(n)},
X1(2:2) = maX{X1(21)7 X1(22)},
X1(3:3) = max{X1(31), X1(32), X1(33)}7 ce
Xy = max{Xiu1), X1¢2), - - - X1¢ia) }
denote the i—th order statistic from random sample of size 7,7 = 1,2, ..., m for cycle 1 and
X{(m) = min{X{(H)},
Xi(m) = min{X{(zl)a X{(zz)}a
X{u;s) = min{X{(:ﬂ)aX{(32)7X1(33)}7 S

Ty = min{ X0, Xigay, - X b
denote the first order statistic from random sample of size ¢, i = 1,2,...,m for cycle 1.
Considering {X1(1:1)7 X1(2:2)7 X1(3:3), ce 7X1(m:m)} as MERSSMaXimum s and
{ X0y X1y X135 - - s Xi(1:m) yas M ERS Sytinimum, the MERSS sample (Cycle 1) of size
2m is

{Xl(lzl)a X1(2:2)7 X1(3:3)7 SRR Xl(mm)a X{(l;l)a X{(1;2)7 X{(l;g)a R X{(lm)}

For simplicity let uj represents the observed values of X and vj;; represents the
observed values of X ]’-(M), then the probability density functions of
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MERS S naximum and M ERS'Syinimum respectively are

FX e (i) = 8 [H ()] ™" (o)
=1 {(1 — e_B“ji)ar_l af (1 — e_ﬁ““f")a_l e Pusi
= Ozﬁl (1 _ e_Buji>ia_1 e—ﬁuji
and
(v0) = i [1 = H (v;s)]"" h(v;:)
=1 [1 —(1- e_ﬁvﬁ)o‘} o af (1 — e—ﬁva‘i)a_l e~ Bvji

= afi (1— )" 1 - (1 e Puye] T e

Ixr

7(1:2)

From (7) and (8), the first order and second order moments are,

1
pigia) = E{Xjia} = 3 [W(ia+1) + 7]

_ L

sy = B{X 0} = iE [{w(z’a F1)+9)2 — (i + 1) + 7'('2/6}

i1 ()R 2
M?(l:i) = E{Xﬁu)} = ggizkzow {W)((k’ +1a+1) + 7]
—/((k+ Do+ 1) + 7°/6}

i (DR 9
M?(l:i) = E{Xﬁu)} = Blgizkzow {W)((k +Da+1) + 9]

—/((k+ Da+1) +7°/6}
3.1. Likelihood function

The likelihood function for M ERSSminimum 1S,

LMERSS,minimum = H H fX;(M) (Uﬂ)

j=1i=1

127

(10)

(11)

(12)

(13)

(14)
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and the likelihood function for M ERSSmaximum 1S,

h m
LMERSS,maximum — H H fXj(i;i) (u]l)

j=1i=1

—1
@ e—ﬂuji

Thereforethe likelihood function under the scheme of MERSS is,

Lyerss

I
-
s

<
Il
—
<
Il
-

{fX,‘(M) (Uﬁ)} {fXj(i:i) (uﬂ)}

J

I
-
s

<
Il
—
<
Il
fa

{Oéﬁi (1 — e_ﬁ"’ji)a_l {1 - (1- e—ﬁvji)a}i_l e_ﬁ'l)ji:|

[aﬁi (1 - e_’B“ji)m_l e_ﬁuﬁ]

and log-likelihood,
log Lyerss

I
M-
NE

e
Il
—
-
Il
—

{log {fX;(u) (vﬂ)} + IOg {fXj(i:z’) (uﬂ)H

I
M-
NE

e
Il
—
N
Il
—

{10»9; {aﬁi (1- efﬂvﬁ)a_l f1-a- e*ﬁvﬂ)a}"‘l eﬁvji}
+ log {aﬁ’i (1 - e’ﬁuﬁ)m*l 65%”

Hlogi + (a—1)log (1 _ e*ﬁvﬂ) +(i—1)log (1 —(1- efﬁvﬁ)a)

I
M-
WE

<
I
-
-
Il
-

— Bujit + {logi + (i — 1) log (1 — e_ﬂuji) — ﬁUﬂH +C
where C' = 2mh {log a + log 5}

3.2. ML estimates

Differentiating (15) with respect to a we get,

h m

dlogLaprss _ 27;7,h S [lOg (1= o) {1 —i(1- @ﬁvji)a‘“}

O s 1 — (1 —ePu)

+ {ilog (1 — e‘ﬂuﬁ) H

[y
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129
Differentiating (15) with respect to 8 we get,
9log Lyprss
op
2mh h m —Bvj; (Q{ — ]_) — (ZO{ — 1) 1— e*ﬁl}ji @
:l—FZZ Ui - —Bvj; _gv,_ a ) —1
B j=1li=1 (1 —e~Pvsi) (1 —(1—ePui)7)
o — 1 —Buj;
—Uji % —1
(1 — e ﬁ“ﬂ)
(17)

We observe that the equations (16) and (17) can not be solved simultaneously to get closed

form solution for o and 3. Therefore, we solve numerically these equations simulataneously
using R software (Henningsen and Toomet (2011)).

3.3. The observed Fisher information

Differentiating (16) with respect to o we get

) —Bvji o —Bu.s 2
d?logLyrprss 2mh Zh Zm (i = 1)(1 — e ) {10g(1 —e P Jz)}
0o - o2 -

j=1i=1 (1 — (1 — e—ﬁvji)a)2 (18>

Differentiating (17) with respect to 5 we get

9”log Ly Erss omh { e Py, }2
= — + R L

{ (a—1) = (aii+1) —a—1) (1- e—ﬂw)“}

. (1 B (21 B2
(e }

and differentiating (16) with respect to 5 we get

O*logLarprss o e~ Puity
R 3PV | ke

1—(1—efui)? (1— (1 — e Pwi)a)?

e‘ﬁujiuj,-
— 20
{21 — e Puji (20)

We can compute numerically the elements of the observed Fisher information matrix and
Variance -Covariance matrix for = («, §)

{ 1_ ’ (1 ~ e_ﬁvﬂ) _a(i=1) (1 — e‘ﬁvﬁ)alog (1 - e—ﬂvﬁ) }
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_ PlogLyprss  0°logLyerss
A Oa? 0adp
1(6) = 0*logLyerss  0°1og Lyprss
060 o (a.8)

and 171(6) respectively.

3.4. Fisher information

[Vol. 21, No. 1

In this section, we obtain the Fisher information under the MERSS scheme. Following
Azzalini (1996), the sample based on M E RS Saximum and sample based on M ERS'Sinimum
are independent, therefore under certain regularity conditions the Fisher Information of

MERSS scheme is given by

IMERSS(Q7 B) - -[MERSS,maximum(a7 B) + IMERSS,minimum(av 5)

The components of matrix /ygrss maximum (e, 5) are

[III 112‘|
121 [22 ‘

Where,
_ azlogLMERSS,max _hm
ha=—F [ e e
_ 82 log LMERSS,maX
Iy =—F l 052
hm Iy (i) (ia — 1) o0 i — 3 2
= — — -1
32 +;; 32 Zk:0< ) k (k +2)3
- a2logLMERSS,max
o =—F [ dB0a
h m .
Q 9 o0 e 1o —2 2
= —— -1
Sn e () ]

I, I{Q]

The components of matrix Iy prss minimum (@, 5) = L/ Jr
21 122

(21)

(22)

(23)

(24)
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Case: i =2
. 0*10g L p1 RS S, min
hh=-F l Oa? ]
- [1 1R 2)3]
(25)
. 0*10g L pr ERSS,min
ty = - | s
_h +_2ha(a——1)
iy Bale )
o {00 = 1) = 0()F ~ {0 = 1)~ v/(1)}]
- g [vi2e = ) = () - (20— ) = (1))
- o vt =0y = (w(0) — v 1)
~ = [{020) = U~ {0/(20) — v/ (1))
+2h[aE, — E), (26)
where
B =203 |t (alk+2) = 1) = b)) = (Walk+2) = 1)
VD — g7 (el +2) =) — ¥/ (alk +2) v (1)})
b g (el 2) — P - Wai+2) - )|
By = 5 22 [{(20) — 01} — {t/(20) — /(1))

— [{v2a +1) = (1)} = {¢/2a+1) — ¢/ (1)}]

621 L min
I{Q - _FE [ OZLMERSS, ]

0B0a
= —h[E; — {E} + Eg}]
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Where
, 200 2ce
By = 20 () — $())) — oo (1(20) — (1)) ~ iy
By = 520 ({(20) — (1)) ~ (920 + 1) — $(1))
wsEil 1
b = B ;;:%l [(a(k+2)+l)2 (a(k+2)+l—1)2]
Case: i1 = 3
;L 8210gLMER min
IH__E[ s ]
5k
= 907
27)
r 8210gLME ‘min
I, ——E l 352RSS ]
:1;+W”§;lﬂainwa—¢unﬁwwm»wmnﬂ
- Gy [0 = v - (e2e) - (1)
- Gy [08e) = () — (Be) (1))

~ [fwla+1) = v} - (Wla+1) - w(1)]
+iﬂwea+n—¢u»%w&a+w—¢ﬁﬂ}
—iﬂwwa+n—¢u»%v@a+n—wﬂﬂ}

+2h[aE, — E),
(28)
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where

E,_3Oz[ 1

=3 2[{w<2a—1>— P} = {20~ 1) =/ (1)}]

o [{B(20) = B} = {¥/(20) - v/ (1)}]

o [(92a+1) () ~ (W20 +1) - w(1)]
?53 [ [0 — 1) = (O — (2o - 1)~ v (V)]
s [{wsa —1) =1}~ {¥'(3a — 1) (1)}
5 [{0(20) = w0 (¥ 20) — v/ (1)}
o [{(B3a) = (1)} — {¥'(3a) - W”}H

Ey =

aQIOgLMERSS i
I/ _ _E. ,min
12 [ 060a
= —2h[ {E' + E'}]

where

2
— = [{(2a) — YD)}

3x

Egz =[5 (2o = (0} = 5o [0(6a) — w(1)}]

— o {0+ 1) = ()} + [{9(3a) — v}

3042

> 1 1
Zl[2a—i—l) (2a+l—1)2]

=1
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In general,

/ a2IOgLJWERSS,min
I =— do2

(29)

azlogLMERSS,min
Iéz =-F l 032

S0 () g e+ - - sy
— {Walk+ 1) = 1) - /(1))
~GrEg oD ek + 1) -y

— (W (alk+ 1) = ¢/(1)}]

(i —1a ZZ laE} — (30)

a 1 L min
I{Q — _E [ OZLMERSS, ]

060«
LSS, (- 1) {4 B (31)

]:1 1=4

where
, e R (i3 1 B >
r-gy (] )[a<k+2)_1{w<a<k+2>> w1}

—{W(a(k+2)) =’ (D} + = {v(alk +2) +1) — (1)}

(k+2)
/ / ]‘
~ (et + 2+ 1) =} +

—0(D)) — {¥'(alk+2) +2) - ¢/ (1)}]

{(a(k+2)+2)
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,_iﬁid_ i-2\[ 1 . - ,
B= X0 ) lagerg g (et 20 - v

— {0k +2) = ()} + o etk +2) + 1) = v
~(Wak+2)+ 1) - D))

'“ 1\ ¢(a(k+1)) — (1)
E’-wé — j(1:
3 ﬁko <k> k+1—1 Hi(:)
0612

B |

E), =

Bk

= Qii ( )il(a(k+12>+l)2_<a<’f+2>1”‘1>21

We note that above expectations exist for v > 2 as ¥(+) and ¢//(+) exist and finite.

4. Ranked set sample

Let X1, Xjo, ..., Xjim, Xjm+1)s Xjm42), - - - » Xjm2 be independent random variables
having the same distribution given in (1) of cycle j = 1,2,...,h. Then from i-th set
{X (i—1)m+1)> X; J((i— 1)m+2)j7

X im) }» Xji@im)» 4 = 1,2, ..., m denote i—th order statistic assuming error free rankings.
Let xj; denote observed Value of Xji(izm), then the pdf of i-th order statistic,

1 ) )
Sy (T50) = Bliom—i+ 1)F271<xji)(1 — F(x5))™ " f ()

= Blm 1_ Ay ((1 — e*ﬁwn)a)if1 <1 - e*ﬁle)a)m*l'

aB(1 — e Pmiyle=P%i o > 0,8 >0 (32)

From (7) and (8) the first order and second order moments of X;(;.m) respectively are

1 1
Hjigm) = E{Xji@m)} = BE{Y(z‘:m)}> and M?z'(i:m) = E{iji(i:m)} E{Y }. Then the
log-likelihood function is

(i:m)

h m
log Lpss(a Z Z 08 [X,11m (Tji)
C'

mh(log a + log f)

+ii{ i — 1) log(l B‘Tﬁ)

+(m — i) log (1 —(1- e_ﬁxj")a> - ﬁxji} )
(33)
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1
where Cy = mhlog (B( ,+1)>.
i,m—1i

4.1. The likelihood equations

Differentiating (33) with respect to «

OlogLrss(a, B)  mh & e [ i — m(1 = P
ol 3 S ioga - oo {2

j=1i=1

Differentiating (33) with respect to

OlogLpss(, f)  mh h e Bzji i —m(1 — ePui)e
86 —?%—szﬁ l(l_e_ﬂmji) { 1—(1—6_5%5)0‘ —1}—1] (35)

j=1i=1
We observe that the equations (34) and (35) can not be solved simultaneously to get a closed-

form solution for o and . Therefore, we solve numerically these equations simulataneously
using R software (Henningsen and Toomet (2011)).

Differentiating (34) with respect to «

2
9logLpss(a, B)  mh  JL I | (m—d)(1—e i) (log(l _ e—ﬁmﬁ))

- 36
0o’ TS (= (L= e )’ 0
Differentiating (35) with respect to
aQIOgLRSS(a, 5) _ _mih B zh: ixz. e~ PTji [{Z — m(l — e—ﬁﬂ&jz‘)a B 1}
o poaI - e~ Prit)? 1—(1— e Pri)e
N(1 — —Bxji\o
+€—5a:ji a(m + Z)( e 2 ] (37>
(1= (1 —efr)
and differentiating (34) with respect to
0?logLrss(a, B) B zh: i xje” P i —m(1 — e Prii)e
dadp B T M=) (1= (1 — e Pmi)e)
Ca(m—i)(1 - e~ PTii)a log(12— e‘ﬁmﬂ)] (38)
(1= (1 —efr)

We can numerically compute elements of the observed Fisher information matrix,
_ PlogLgss(a, B)  9°logLpss(a, B)

~ da2 0adf
1(0) = _8210gLRss(04,5> _82 log Lrss(a, B)
B0« op? (a.5)

and variance-covariance matrix 1-1(6)
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5. Comparing information of MERSS and RSS schemes

In this section, we compare the information of MERSS and RSS schemes respectively to
estimate shape and scale parameters . Let drss, Orss and dyvigrss, Svierss are the estimates
of shape and scale parameters under RSS and MERSS schemes respectively. Assuming

AaRSS — 1 and ABRSS — 1 then,
QMERSS PrERrss
RSS:
mh m (m — 1) masr o (m—i—2 2
I,(RSS) = — -1 — 39
( ) a? +;;B(i,m—i+1)a2 kX:%]( ) k (k+i+41)3 (39)

k=0 +
a? mI? (M2
+ a(m —1) Blim—i+ 1) %(‘)( s )X
> pf(i+s+1)a—3 2
2y ( k )(k+3)3
o mizl s m—1—1
_B(i,m—i+1)52 Sz:%) (=1) ( s )X
g(—l)k <(z +5 +k1)oz - 3> i f 5 (40)
MERSS:
I,(MERSS) = 2272“ + z_j f MO; Y 2(—1)’“(2' ; 3) (kfmg (41)

and I3(M ERSS) is obtained in section (3.4). We note that I3(M ERSS) exists and finite
for av > 2.

The computations are,
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When sample size of RSS is 2mh and sample size of MERSS is 2mh, then

For (m = 3)
12.6553 60 & 1 13.6390h
Lo(RSS) = h [ a? + El;) (k + 6)3] a2
36.47049 207.6518
42.74969 97.40603
For(m = 4)
158.0665 112 & 1 159.0577h
I.(RSS) = h loﬂ +042];)(k+8)3] ==
65.12496 287.7424
76.34466 147.3634
I.(RSS) I(RSS)
-_— = 1.641 -_— =12.
[IQ(MERSS)]MZ?) 6416, [IQ(MERSS) i 8073
For a = 2.5
I5(RSS) I(RSS)
At N | _elT0) 1 .22
l%(MERS@LZS e
For a = 3.0
15(RSS) I.(RSS)
[1/3(1\4133&9)]m:3 0.23585, l]a(MERSS) T oosT

We note that information for the shape parameter under the scheme of the RSS is greater
than information for the shape parameter under the scheme of MERSS, and information for
the scale parameter under the scheme of MERSS is greater than information for the scale
parameter under the scheme of RSS.

5.1. Simulated output

In this section, we generate 100000 random numbers from the generalized exponential
distribution given in (1) using known values of parameters («, §) taking o = 0.8, v = 1.2, =
1.6, = 1.8, = 2.2, = 3.8 and § = 0.25. At each cycle we obtain MERSS sample, by
selecting m? + m units, SRS sample, by selecting 2m units, and RSS sample, by selecting
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4m? units. The ML estimates (A, B) are calculated numerically and the comparisons are
determined by the mean squared error of estimates, when sample size of SRS, MERSS and
RSS are equal to 2mh respectively. We define the efficiency of sampling scheme as,

_ MSE(@)Samplingg
MSE(&)Samplingl

ESampling1 ,Samplinga (OZ)

and

MSE(B)Samplingg
MSE(B)Samplingl

ESampling1 ,Samplingy (B) =

6. Conclusion

1. In this paper, we estimate the parameters of the generalized exponential distribution
using moving extreme ranked sampling, ranked set sampling, and simple random
sampling. Then we compared the estimates using the mean squared errors of the
estimates.

2. From the simulation study, it is found that under the RSS scheme we get smaller
MSE as compared to MSE obtained for the MERSS scheme and SRS scheme for
both shape and scale parameters. (Annexure Table A2)
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ANNEXURE

Table Al: Biases and MSE’s of ML estimates of shape and scale parameters

A

A

Sampling (m,h) (a,B) a MSE(a) Bias(@)  f3 MSE(3)  Bias(f)

SRS (3,3)  (0.8,0.25) 0.9487606 0.1736299 0.1487606 0.2956023 0.0133619  0.0456023
RSS 0.8817586 0.0584896  0.0817586 0.2733177 0.0055097  0.0233177
MERSS 0.7964535 0.0717147 -0.0035465 0.2423628 0.0071007 -0.0076372
SRS (3,3)  (1.2,0.25) 1.445111 0.4235251 0.2451109 0.2874173 0.0102904 0.0374173
RSS 1.336743 0.1457796  0.1367427 0.2681817 0.0039607 0.0181817
MERSS 1.202511 0.1835160 0.0025113 0.2452994 0.0062704 -0.0047006
SRS (3,3)  (1.6,0.25) 2.022529 1.1205389 0.4225288 0.2816831 0.0075248 0.0316831
RSS 1.806412 0.3668359 0.2064123 0.2668984 0.0036996 0.0168984
MERSS 1.634325 0.5443902  0.0343248 0.2458775 0.0057707 -0.0041225
SRS (3,3)  (1.8,0.25) 2.320982 2.1188691 0.5209824 0.2832089 0.0086354 0.0332089
RSS 1.994951 0.4090394 0.1949514 0.2623048 0.0028807 0.0123048
MERSS 1.797398 0.5843733 -0.0026018 0.2401457 0.0046996 -0.0098543
SRS (3,3)  (2.2,0.25) 2.741057 2.1544205 0.5410568 0.2753242 0.0061387 0.0253242
RSS 2.505455 0.7952925 0.3054547 0.2648720 0.0029338  0.0148720
MERSS 2.167485 0.8985339 -0.0325153 0.2383081 0.0046774 -0.0116919
SRS (3,3)  (3.8,0.25) 5.034128 10.224880 1.2341283 0.2764764 0.0054923 0.0264764
RSS 4.414143  3.255205 0.6141435 0.2632917 0.0024231 0.0132917
MERSS 3.895133  4.580507 0.0951328 0.2400658 0.0040669 -0.0099342
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of shape and scale

parameters

Sampling (m, h) (o, ) a MSE(&4) Bias(@) j MSE(3)  Bias(f)
SRS (4,2)  (0.8,0.25) 0.9653919 0.1879596 0.1653919 0.2988921 0.0166438 0.0488921
RSS 0.8787682 0.0488045 0.0787682 0.2753540 0.0054171 0.0253540
MERSS 0.7710374 0.0690403 -0.0289626 0.2380351 0.0083744 -0.0119649
SRS (4,2)  (1.2,0.25) 1.523014 0.5874794 0.3230142 0.2970299 0.0125121 0.0470299
RSS 1.312745 0.1347717 0.1127447 0.2664989 0.0038060 0.0164989
MERSS 1.172552 0.1804458 -0.0274481 0.2371569 0.0060172 -0.0128431
SRS (4,2)  (1.6,0.25) 1.990566 1.0587583 0.3905659 0.2806856 0.0085753 0.0306856
RSS 1.786667 0.3209858 0.1866674 0.2664005 0.0033632 0.0164005
MERSS 1.556896 0.4012962 -0.0431041 0.2366258 0.0056646 -0.0133742
SRS (4,2)  (1.8,0.25) 2.300448 1.5793808 0.5004485 0.2871264 0.0087790 0.0371264
RSS 2.033651 0.4139100 0.2336511 0.2685046 0.0033391 0.0185046
MERSS 1.761394 0.6294839 -0.0386061 0.2354936 0.0057293 -0.0145064
SRS (4,2)  (2.2,0.25) 2.840629 3.684262 0.6406294 0.2808774 0.0070519 0.0308774
RSS 2.427666  0.690291 0.2276657 0.2619086 0.0028063 0.0119086
MERSS 2.190393  1.325949 -0.0096071 0.2392440 0.0054996 -0.0107560
SRS (4,2)  (3.8,0.25) 5.512445 30.686737 1.7124454 0.2776625 0.0069002 0.0276625
RSS 4.361663  2.803481 0.5616628 0.2609717 0.0022263 0.0109717
MERSS 3.758171  4.772074 -0.0418289 0.2353198 0.0043514 -0.0146802
Table A2: Efficiency of estimators of shape and scale parameters under MERSS

and RSS schemes

(a,8) (m,h) Buprsssrs(@) Fuprsssrs(8) Erssaerss(@) Erssaerss(8) Ersssrs(@)  Ersssrs(f)
(0.8,0.25) ( 3) 2.421120 1.881772 1.226110 1.288763 2.968560 2.425159
(4,2) 2.722462 1.987462 1.414630 1.545919 3.851276 3.072456

(1.2,0.25)  (3,3) 2.307837 1.641107 1.258859 1.583154 2.905243 2.598127
(4,2) 3.255711 2.079389 1.338900 1.580977 4.359071 3.287467

(1.6,0.25)  (3,3) 2.058338 1.303967 1.484016 1.559817 3.054605 2.033950
(4,2) 2.638346 1.513840 1.250199 1.684289 3.298458 2.549744

(1.8,0.25)  (3,3) 3.625883 1.837476 1.428648 1.631409 5.180110 2.997674
(4,2) 2.509009 1.532299 1.520823 1.715822 3.815759 2.629152

(2.2,0.25) (3,3) 2.397706 1.312417 1.129816 1.594315 2.708966 2.092406
(4,2) 2.778585 1.282257 1.920855 1.959733 5.337259 2.512882

(3.8,0.25) (3,3) 2.232261 1.350488 1.407133 1.678387 3.141089 2.266642
(4,2) 6.430482 1.585743 1.702196 1.954543 10.945941 3.099403
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