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Abstract

Split-plot designs are widely used in agricultural experiments because of its ability
to allocate different factors to plots of different sizes. In standard split-plot designs, main
plot treatments are allocated either in a completely randomized design or in a randomized
complete block design and subplot treatments are allocated within each main plot. In this
paper, we consider split-plot designs where main plot treatments are allocated in a connected
incomplete block design. We propose a method of construction and present a catalogue of
such designs. We also propose a method of analysis of such split-plot designs. We have
implemented proposed construction and analysis methods using R language.
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Prologue

Today, we are all united in our desire to pay our respect to Late Prof. Calyampudi
Radhakrishna Rao. Prof. Rao, an Oracle in the field of Statistics, left an indelible mark on
the fields of statistics, mathematics, and scientific research worldwide. His groundbreaking
contributions have influenced diverse areas, including economics, genetics, anthropology, and
medicine. Rao received numerous accolades, including the US National Medal of Science in
2002, and was awarded the International Prize in Statistics in 2023 - a distinction often
likened to the ‘statistics’ equivalent of the Nobel Prize. His legacy continues to inspire
generations, and he remains one of the most influential statisticians of all time. It gives us
immense pleasure to know that the Society of Statistics, Computer and Applications has
decided to bring out a Special Issue of the Statistics and Applications in memory of Late
Prof. C R. Rao. This paper is a tribute in honour and loving memory of Late Prof. C R
Rao who had a strong bondage with ICAR-Indian Agricultural Statistics Research Institute
(ICAR-TASRI), New Delhi and the Indian Society of Agricultural Statistics. He visited the
Institute during 2001 to receive Sankhyiki Bhusan Title conferred upon him by the Indian
Society of Agricultural Statistics. His keynote address on ‘Has Statistics a Future 7 If So, in
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What Form?” during the 60th Annual Conference of Indian Society of Agricultural Statistics
and International Conference on Statistics and Informatics organized by ICAR-IASRI, New
Delhi was published in the Journal of the Indian Society of Agricultural Statistics. The paper
had set the tone for the requirement of transformation in Statistics in the era of Information
and Communication Technology and Big Data. He has made monumental contributions to
Design of Experiments. We have also prepared a Technical Bulletin entitled ‘CR Rao’s Life
Sketch and its Influence on Designing of Experiments with a special reference to Agricultural
Sciences’ available at http://krishi.icar.gov.in/jspui/handle/123456789/41295.

By giving us an opportunity to contribute to the Special Issue, we have been given
a chance to say thank you, Prof Rao, for paving the way and developing the playground of
Statistics where all statisticians like us are working. We express our profound thankfulness
to the Guest Editors of this Special Issue and the Chair Editor of Statistics and Applications
for giving this opportunity to contribute in such an invaluable Special Issue.

1. Introduction

A split-plot design is a special kind of design in which two factors A and B with
m and s levels, respectively, are allocated such that m levels of factor A (also called main
plot treatments) are allocated in main plots using a suitable design and s levels of factor B
(also called subplot treatments) are allocated to s smaller subplots within each main plot.
These designs were originally developed by Fisher (1925). Popular choice of suitable design
for levels of factor A is either a completely randomized design or a randomized complete
block design. In a split-plot design, the main effect of B and interaction AB are estimated
with higher precision and main effect of A are estimated with lesser precision. The main
advantage of a split plot design is that the design can accommodate two different plot sizes
for two different factors and is, thus, used in many agricultural and other experiments where
one of the factor requires comparatively bigger plot size than the other factor. For example,
consider an experiment involving irrigation methods (factor A) and fertilizer doses (factor B).
It is possible to apply fertilizer doses in smaller plots but application of irrigation methods
require bigger plots. So one can apply irrigation methods to bigger plots first and then
each bigger plot is subdivided into smaller plots for application of different fertilizer doses.
Other such experiments include study of tillage systems (factor A) and various management
practices such as doses of fertilizer, pesticides etc. as factor B. Split plot designs are adopted
in all such experiments where it is not practical to apply both the levels of factor A and B
to plots of same size.

In certain situations it may not be possible to allocate all the m levels of factor A
in a randomized complete block design and the number of main plots in each block may
be restricted to k such that & < m. When m is moderately large, then it may not be
possible to maintain homogeneity within the blocks with m main plots as these plots are
bigger in size. Hence, it is advisable to use lesser number of main plots in such cases and as
a result, an incomplete split-plot designs with blocks being incomplete with respect to main
plot treatments is preferable. Robinson (1970) pioneered the idea of incomplete split-plot
designs in which he arranged the levels of factor A and B in balanced incomplete block (BIB)
designs. Bhargava and Shah (1975) considered incomplete split-plot design with main plot
treatments in an incomplete block design where they considered unequal block sizes for main
plot treatments and mainly studied tests for main effects of factor B and interaction AB.


http://krishi.icar.gov.in/jspui/handle/123456789/41295

SPECIAL ISSUE IN MEMORY OF PROF. C R RAO
2024] SPLIT-PLOT DESIGNS WITH MAIN PLOT TREATMENTS IN INCOMPLETE BLOCKS 245

Mathew and Sinha (1992) went a step further and presented various optimum and exact
tests under fixed, random and mixed effects models in the case of unbalanced split-plot
designs where main plot treatments are replicated unequal number of times. Mejza (1985)
considered incomplete split-plot designs with main plot treatments in incomplete blocks and
presented an analysis procedure with a different model than we study here.

There are some other works on incomplete split plot designs where particular classes
of incomplete block designs were used either to allocate main plot and / or subplot treat-
ments. Ozawa et al. (2004) obtained incomplete split-plot designs using Kronecker product
of two component designs, one for levels of factor A and another for levels of factor B. Ozawa
and Kuriki (2006) constructed incomplete split-plot designs using semi-Kronecker product of
two types of a-resolvable designs. Kuriki and Nakajima (2007) constructed incomplete split-
plot designs by semi-Kronecker product of two resolvable designs with second design being a
square lattice design for factor B. Kristensen (2012) proposed four methods of constructing
incomplete split-plot designs using a-designs. Works on incomplete split-plot designs consid-
ering subplot treatments in an incomplete block design are also available, see, for example,
Robinson (1967); Mejza and Mejza (1984) and Mandal et al. (2020).

In this article, we consider incomplete split-plot designs where m levels of factor A
are arranged in a connected incomplete block design with blocks of each of size k such that
k < m and s levels of factor B are allocated in s subplots within each main plot. We propose
a methodology of analysis of data from experiments conducted using such designs following
the standard fixed effects additive linear model approach. Since in agricultural experiments,
generally factors and their levels are only a carefully chosen entities among which comparisons
are desired, and blocks are also not a random sample from bigger population of blocks,
random effects and mixed effects models for analysis of split-plot designs are not considered
here and thus, we restrict ourselves to fixed effects model only.

2. Construction

In this section, we present construction of incomplete split plot designs where m levels
of factor A are arranged in a connected proper binary incomplete block design with blocks
of same size and s levels of factor B are arranged randomly within each main plot. To
construct a design, take a binary connected proper incomplete block design D with number
of treatments m, number of blocks b and block size k& < m. Arrange the m levels of factor
A using design D. Within each level of factor A, apply s subplot treatments at random.
Obtained design is an incomplete split plot design where blocks are incomplete with respect
to factor A and whole plots are complete with respect to factor B.

We illustrate the construction with an example.

Example 1: Let m =5,s =5,0 =5,k = 3. So a connected binary proper incomplete block
design D for factor A is

NN AN S
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In D, there are 5 blocks and in each block, three main plot treatments are allocated. Now,
randomly assign each of the s levels of factor B in each of the main plots. We get the
following incomplete split-plot design.

Block1[1(54312)[4(54312)][5(23451)
Block2 | 2(34215)|3(23451)|5(41532)
Block3|1(34152)|3(34152)[4(34215)
Block4 | 2(34152)|3(34215)[4(41532)
Block5 | 1(41532)|2(23451)|5(54312)

Remark 1: We recommend that the design D should be so chosen that it has high A- and
D-efficiency. One can use the available efficient incomplete block designs in literature for
this purpose. We utilized A-efficient incomplete block designs generated by the R package
ibd (Mandal, 2019). If the design D is equireplicate with r replications for each of the m
levels of factor A, then in the incomplete split-plot design, each AB combination appears
r times. Had a complete split-plot design with b blocks been chosen, each AB treatment
combination would have appeared b times. Since number of main plots in an incomplete
split-plot design is k£ in each block, it is expected that blocks would be more homogeneous
than a block containing m main plots. This will increase precision of comparisons among
main effects of factor A. Further, whenever r < b, incomplete split-plot designs is expected
to be more resource efficient because then they will require lesser number of main plots. For
example, consider an experiment conducted by Pandey et al. (2000) who used m =5 levels
of irrigation regimes as factor A and s = 5 levels of Nitrogen doses as factor B and they used
complete split-plot design with four blocks. This experiment required 20 main plots and 100
subplots in total. Had an incomplete split-plot design as given in Example 1 with 5 blocks
with block size 3 been used, only 15 main plots and 75 subplots would have been required.

We have used the method to construct incomplete split-plot designs in the restricted
parametric range of m < 6,s < 6 and b < 10. The list of parameters for which design has
been generated is available, see Mandal et al. (2019¢). However, the proposed method is
general and works for any m, s, b, k provided a suitable connected incomplete block design
D with parameters (m, b, k) exists and is available in literature.

3. Analysis

In this section, we present a methodology for analysis of data from experiments
conducted using incomplete split-plot designs considered in this paper. We consider fixed
effect additive linear model for this purpose:

Yji = b+ pj o + v+ B+ da + € (1)

where y;; denote the observation from the experimental unit in jth block receiving ith level
of factor A and [th level of factor B, u is the general mean, p; is the effect of jth block,
a; is the main effect of i¢th level of factor A, «;; is the interaction terms between blocks
and ith level of factor A, (; is the main effect of [th level of factor B, ¢;; is the interaction
effect of ith level of factor A and Ith level of factor B and ¢j; is the random subplot error
with zero mean and constant variance 02,7 = 1,2,...,b;i = 1,2,....m;l = 1,2, ...,s. Here
all the effects are fixed effects except subplot error. Note here that data do not exist for
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all (j,4,l) combinations since all levels of factor A do not appear within each block. Here
it may be mentioned that Mathew and Sinha (1992) also considered a model similar to (1).
However, they considered unbalanced cases, i.e., the blocks may be of unequal sizes and may
contain different number of main plot treatments and they also considered cases of random
and mixed effects scenarios. In our case, each block is of constant size k£ and contains k < m
main plot treatments and we do not consider random and mixed effect models.

In matrix notation, the model (1) may be represented as
y:u1+X1p+X2a+X37+X4ﬁ+X56+e (2)

where y denotes the vector of n observations, 1 denotes the vector of ones, X; denotes
n X b observation versus block incidence matrix, p denotes b x 1 vector of block effects, Xy
denotes n x m observation versus factor A incidence matrix, a denotes m x 1 vector of
main effects of factor A, X3 denotes n x bk observation versus block-A incidence matrix,
denotes bk x 1 vector of block versus factor A interactions, X, denotes n X s observation
versus factor B incidence matrix, 8 denotes s x 1 vector of main effects of factor B, Xj
denotes n x ms observation versus AB interaction incidence matrix, & denotes ms x 1 vector
of AB interaction effects and € denotes n x 1 vector of errors. We assume that errors are i.i.d.
normal with E(e) = 0 and Var(e) = 021,,. Under the given set-up of design construction,
n = bks and X; = I, ® 1;s. The model (2) can be written as

y=X0+¢€ (3)
where X = (1:X; : Xy : X3:Xy:X5) and 0 = (p, p/, v, B,68").

Normal equations are given by
X'X0 =Xy

where
1T 1'X; 1'X, 1'X3 1'Xy; 1'Xj5
X1 XiX; XiX, Xi[X3 XXy X|X;
X%l X%Xl X:2X2 X%Xg X:QX4 X%X5 ‘ (@)
X;,)l X?Xl X§X2 X?Xg X?X4 X?XE)
lel X%Xl X%X2 X%X?, X%X4 X%X5
Now, following relations can be verified:

X'X =

X1 = ks1, X51 = sr

Xgl = Slbk Xﬁl = bk‘ls
Xil=r®1, XXy = ks,
X,X, = sNy, say XiX; =51, @1
XZXI = ]{?1512 XgXl = Ng, say
XI2X2 =sR XgXQ = N, say
XQXQZI'/@]_S X/5X2:R®]_s
XgX3 = SIbk XQXg = 151;k, say
X'5X3 = Ny, say )(ﬁl)(Ax = bkI,

XX, =r®I,, say XiXs=R®I;



SPECIAL ISSUE IN MEMORY OF PROF. C R RAO
248 B. N. MANDAL, RAJENDER PARSAD AND SUKANTA DASH [Vol. 22, No. 3

with r being the vector of replications of levels of factor A and R being diagonal matrix with
elements of r. Therefore, equation (4) can be written as

bks ks1y, s’ s1y, bkl ' ® 1/
k‘Slb k)SIb SNII S].;C X Ib l{?lbl; Ng
sr sNy sR Nj, rel, Rl 5
Slbk Slk & Ib Ng SIbk 1bl~c1; Nﬁl ' ( )
bkl, k1,1, rol, 1,1, bk, rol,
rel, N3y R®l, N, rol Rl

X'X =

It may be seen that

X'y= ¥ Y Yeu Y :Vus)

where y... denote the gross total of all observations, yp.. is the vector of block totals, y .
is the vector of totals for m levels of factor A, ygys. is the vector of totals corresponding to
block-factor A combinations, y. g is the vector of totals for s levels of factor B and y /g is
the vector of totals corresponding to AB combinations.

One can verify that the number of rows in X'X is 1 + b+ m + bk + s + ms, but
there are total 1 +1+ (m+b—1)+ 14+ (m+s—1) =1+ b+ 2m + s linearly dependent
rows and they are as follows: sum of 2nd to (b 4 1)th row is equal to the first row, sum of
(b + 2)th row to (b + m + 2)th row is equal to the first row, summing rows for each level of
7ji over i keeping j fixed gives row corresponding to jth (j = 1,2,...,b) block and similarly
summing rows for each level of ~;; over j keeping ¢ fixed gives row corresponding to row of
ith (i = 1,2,...,m) level of factor A, summing of rows corresponding to s levels of factor
B gives the first row, summing rows for each level of 9; over ¢ keeping [ fixed gives row
corresponding to Ith (I = 1,2, ..., s) level of factor B, summing rows for each level of ¢; over
[ keeping i fixed gives row corresponding to ith level of factor A. Therefore, to get a solution
to the normal equations (3), one can set (1 4+ b+ 2m + s) parameter estimates to zero. We
set i =0,p; =0,¢&; =0, Bl = 0V, 1,1 and we also set every sth component of d as Zero, i.e.,
by = 0,528 =0, ...,Sms = 0. As a result, we get,

Slbk Nil _ R ’/)\/ — YBMm. (6)
N4 R & Is—l 5(7m) S’.MS
where Ny is the matrix obtained after removing every sth row of Ny, 3(,m) is the vector

after removing every sth element of 6 and ¥ us is the vector obtained after removing every
sth element of y ps5. From (6), we get,

i (YBM. - NZLS(fm)) .

After a little algebra, it may be seen that
S(fm) = Ch1sQus

where CMS = (R X Is—l — %N4Ng) and QMS = (}N’MS — %NZLYBM.)'

g =
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Denoting the model sum of squares due to fitting parameters u, p, a, 7y, 8,8 with
R(p, p,a,7, B, ), we get

. R 1 _
R(M P, o, B, 5) = 'y’Xéy + (5’ng = gy/BM.YBM. + Q/MSCMlsQMS-

Similarly, it may be verified that

. N 1 _
R, p, o, B) = /Xy + BXy = —ypuysu + Q5C5'Qs

where Cg = bkI,_; — %13711;,1 and Qs =y .5 — ¥=1,4
INA Y A I~/ A Ydi 1 /
R(p, p, o, y) = pX1y + &' Xy +4' X3y = JYBMYBM.

. . 1 _
R, p, ) = X1y + &' Xy = —yp yp. + Q) Cy/ Qur

where C; = sR,,,_1 — %NlN'l and Qy =y — %leg._

K 1
R(p, p) = p'Xly = gyg..ya.

and .
- 2

Residual sum of squares after fitting the model (3) is given by
1 _
SSE=y'y — ;y/BM,YBM. — QlyrsChisQurs- (7)
Theorem 1: Under model (3), SSE/0? ~ Xiys_ti—mssm-

Proof: It is well known that in a fixed effects linear model (3), SSE/o? ~ Xifrank(X)' Here,
rank(X) = rank(X'X) = bk + ms — m. So the result follows. O

3.1. Testing significance of interactions between A and B

Consider the null hypothesis Hy : d;1 = 00 = -+ = 0;sVi = 1,2,...,m versus H; : At
least two of them are different. Under the null hypothesis, the reduced model is

y =pul+Xip+ Xoa + X3y + Xy + €
The residual sum of squares under reduced model is
/ / 1 / / —1
SSE =Yy = R(p,p, .y, 8) =¥y = _¥pu¥su — QsCs Qs.

Theorem 2: SSE1 /0% ~ X7 pp_sii-
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Proof: The rank of the model matrix X,; = (1 : X; : Xy : X3 : Xy) is bk + s — 1 since out
of (14+b+m+bk+ s) rows of X/, X,q, there are b+ m + 2 dependencies. Hence, the result
follows. [ Now, SSE; — SSE = Q);sC1/sQus — QsCs'Qs. Therefore, the test statistic
for testing Hy : 0;1 = 00 = -+ = 0;sVe =1,2,...,m is

SSE, — SSE)/(m—1)(s—1)
SSE/(bks — bk —ms +m)

_ (QsCiisQurs — QsC5'Qs)/(m — 1) (s — 1) o
SSE/(bks — bk — ms +m) (m—1)(s—1),(bks—bk—ms-+m)

Flz(

under null hypothesis. Null hypothesis is rejected whenever calculated value of F; >
Fa,(m—1)(5—1),(bks—bk:—ms+m) where Foz,(m—1)(5—1),(bks—bk—ms+m) denotes the upper « percent point
of an F-distribution with (m — 1)(s — 1) and (bks — bk — ms + m) degrees of freedom.

3.2. Testing significance of main effects of factor B

Assuming that interactions between A and B is absent, we consider the null hypothesis
Hy: (1= s = ... = B, = 3, say versus the alternative H; : At least two of them are different.
Consider the following test statistic

n_ QCs'Qs/(s - 1)
> SSE/(bks — bk —ms +m)

which follows Fs_1), (sks—bk—mst+m), See Appendix for proof. One can reject the null hypothesis
when calculated value of Fy > F, (s_1) (bks—bk—mstm)-

3.3. Testing significance of main effects of factor A

Since main effects of A can be tested when interactions of A with B and with blocks
is absent, we assume that interactions between A and B is absent and then we consider the
null hypothesis Hy : a1 = as = ... = «,;, = «, say versus the alternative H; : At least two of
them are different. One can see that

Fy — Q) Chf Qu/(m — 1) O
S SOW bk —b—m 1) kb

SSW = R(v|p, p,a) = R(p, p,a,vy) — R(p, po o) = 2y ven — £¥5. 5. — QuCa Qu-

Above results can be summarized in the form of analysis of variance (ANOVA) table
as given in Table 1 where,

SSR =1y ¥B. = 5y SSA = Q),Cy/Qu
SSW =Ty ypu = £¥b.ys. — QuCifQu.  SSB = QuC5'Qs
SSAB = Q)sCifsQus — QsC5' Qs SST =y'y = zy-*

Remark 2: The model formulation under a split-plot design often involves a whole-plot
error and a split-plot error, both of which are assumed to be random, satisfying the usual
normality assumptions. This formulation leads to two ANOVA tables: a whole-plot ANOVA
and a split-plot ANOVA. The present work considers a model that includes only one random
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Table 1: ANOVA table depicting analysis of incomplete split plot designs

Source Degrees of free- Sum of Mean squares F
dom squares
Blocks b—1 SSR - -
A m—1 SSA MSA=SSA/(m—1) F3=MSA/MSW
Block x A bk—b—m+1 SSW MSW = SSW/(bk —
b—m+1)
B s—1 SSB MSB=SSB/(s—1) F,=MSB/MSE
AB (m—1)(s—1) SSAB MSAB = F =
SSAB/(m—1)(s—1) MSAB/MSE
Error bks—bk—ms+m SSE MSE = SSE/(bks — -
bk — ms +m)
Total bks — 1 SST - -

error term. For testing the significance of the main effects due to whole plot factor, we
assume that A x B interaction and block x A interactions are absent and then use the
mean square due to block x A interaction in the denominator of the F ratio and this F ratio
coincides with the corresponding F ratio in the whole-plot ANOVA.

3.4. Estimation of treatment contrasts
First we consider estimation of treatment contrasts of factor B. It may be seen that
Be1 = C5'Qs.
Thus, we can write
B=Cy Qs (8)
where C§ = bkI, — %151; and Q5 =y.s — -1,

Theorem 3: Let p’B be a linear parametric function such that p'l = 0. Then p'g is
estimable.

Proof: Consider the estimator p’38 where 3 is given by equation (8). Then,
E(p'B8) = E(p'Cs Q)

. Y...
= P/Cs E(Y..S -

b))
= POy (X}~ X{X,X))Ey)
=p'Cys (X, — iXQXng)(ul +X1p + Xoa + Xz + X4 8)
= p'C% C5B (after simplification)
=p'B
since p'1 = 0. This completes the proof. O

It is easy to see that v(p’ B) = p/C% po? where v(.) denotes variance. So under
normality of errors in model (1), p’8 ~ N(p'B,p'Cs po?). Thus, testing of hypothesis
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Hy : p'B = b can be performed using the test statistic

~ (PB-b?*/(P'Csp)
- SSE/(bks — bk —ms+m)

F

Under null hypothesis Fs ~ F} ps—pk—mstm-

Exactly on similar lines, it can be proved that for testing Hy : q'd = d, one can use

the test statistic R
__ (40 —-d)*/(d'Cjysq)
SSE/(bks — bk — ms + m)
which follows F distribution with 1 and (bks — bk — ms + m) degrees of freedom under null
hypothesis. Here, § = CusQig with Cyg = R® I, — %N4Nﬁ1 and Qs = Y.us —
INLyBL.-

Fms

Now consider a treatment contrast w'a of main effects of factor A. An estimator
of this treatment contrast is given by w'& = w'C}; Q},; where C}; = sR,, — :N1N} and
Qv =ym — %N1yB,_. To test Hy : w'& = a, the following test statistic can be used:

P (Wéa —a)?/(wCiw)
™ SSW/(bk—b—m+ 1)

Under null hypothesis, F,, ~ F| (5s—p—m+1) and inferences can be made accordingly.

4. Concluding remarks

In this paper, we have proposed a method of construction of incomplete split-plot
designs where main plot treatments are allocated using a connected proper incomplete block
design. We have also presented an analysis methodology for the proposed designs. We have
implemented the proposed methods of construction and analysis using R language and the
same is available as part of an R package ‘ispd’ which can be accessed on https://cran.r-
project.org/web/packages/ispd/index.html, see (Mandal et al., 2019a). Further, we have
also implemented the construction and analysis methodology as part of an web application
which is available on http://drsr.icar.gov.in/ISPD/Home.jsp, see (Mandal et al., 2019b).
The will enable the experimenters and statisticians to use these designs with ease.
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Appendix

Proof of I, following Fs_1) (bks—bk—mstm):
First we prove that Q5C35'Qg/0? ~ x? | with non-centrality parameter O’X’(X4—§X3 11l )
C;H(X) — 11,41}, X4)X6/202

Note that Qg = (y 5= =1, 1) = ng — 1X’X3ng and hence Q5C5'Qg =
v (X — 1X3XEX ) Co Y (X — 2X3X X))y, Now, (X — 1XX4X,)CoH Xy — 1XXEX,) s
idempotent because

. 1 . - 1 . 1 . . 1 5
(X4 — ;X3XgX4)C§1(X4 — 7X3X’ X,) (X4 — 7X3X’ X,)CH(X, — 7X3XgX4)’

. 1 1 1
:(X4—;X31bk1’s_1)c (X!, - - 11’kX’)(X4——X31bk1 DCH(X, - - 1,115, X%)

. 1 1
— (X4 - ;Xglbk].;il)C;leC (Xﬁl s s 1].ka/)

since

1 ~ 1
(X - 5 1o 11, X5)(Xy — §X31bk1;,1)

- 1. 1 1
= XXy = X Xlylly — 113X X, + 5L 1 XX
1 1 1
- bk(IS,1 - ;13711;_1 - ;15711;_1 -+ g]‘S*l]‘s—l)
1
- bk((ls—l - gls—llls—l)
= C..

Now, under H,,
X0 = pul +Xip+ Xoax + X3y + X411,
= ul 4+ Xip + Xoa + X357 + 1
= (p+ B)1+ Xip + X + X37.

Therefore,
~ 1
(X, - 11.,1,X5)x0

~ 1
= (X, — ;15_11§)ng)((# + B)1 + Xip + Xpa + X37)

pts

= (u+ B)X)1 + XX p + X Xoar + X X5y — 1,1}, X451

1 1 1
— Els_llka, le ]_5 11ka/3X2a — gls—llékXéXS’Y

=(u+ B)bkl,_ 1 + k1, 1 1jp+1' ® 15_104 + 1,41,y

+ 1 1 1
Mls—llgkszlbk — 515_11;k8(1k X Ib)p — 515_11;kN20ﬁ — gls—llngIbk'Y
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/ 1 /
=rl,_ja— -1, isro
s
=0

As a result, the non-centrality parameter is zero. Thus, Q5C5'Qg/0? ~ x2_, under H,.

Here, the degrees of freedom is equal to the rank of the matrix of the quadratic form (X4 —
XXX, CoH Xy — 1X3X4X,) and the rank of this matrix is clearly s — 1.

To check independence of QsCg5' Qg and SSE, we know that SSE = y'(I- XGX')y
where G is a generalized inverse of X’X. Now,
- 1 ~ - 1 -
(I- XGX') (X, — ~X3X,X,)CT (X, — ~X3X,X,)
s s
1

S

_ _ . o1 .
XX Xs — XGX'X, + - XGX' XX X,) O (X — XXX,

(X4
0

because XGX'X, = X, and XGX’X3X5X4 = X3X5X4 due to properties of generalized
inverse matrix G. Hence, two quadratic forms QsC5'Qg and SSE are independent. Hence,
F, under null hypothesis follows F-distribution with (s — 1) and (bks — bk —ms+m) degrees
of freedom. [ Proof of Fy ~ F(y—1),(bk—b—m+1): Where

SSW = R(vlp, p, &) = R(u, p, o, ) = R, p, @) = (Y Your. = 15¥5.Y5. — QuCir Qur.
First we prove that Q},C/ Qus/0? ~ x2,_, under null hypothesis.

_ - 1 L 1.~
Qlj\/[CMlQM = (Y.M. - %Nl}’B..)/CMl(Y.M‘ - %Nl}’B..)
- 1. - 1.~
= (X5y — EN1X/1Y)/CMl(XIQY - %N1XI1Y)

N 1 . - 1.~
=y'(Xs — %XlNll)C]T/[l(X,Q - %lei)y

=y'Ay

where A = (X, — %Xll(I’l)C]T/[l(X’z — %NlX’l). Now,

_1 1
AA =Xy~ -

k

!
k

1

Ny X()(Xp — X4 NP)Cyf (X — N X)),

It may be seen that

~ 1.~ ~ 1 ~ o~ 1~ ~ 1.~ ~ 1 -~ ~
(X5 — EN1X/1>(X2 - %XlNll) = X5X, — %XlleNi - EN1X/1X2 + ﬁleixlNi

1 - S - S - ks ~
= XX, — NN} = NiN 4 NN
= SRm_l — %NINQ

=Cy.
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As a result,

AA = (X, - ;XlN’l)CMlCMCAf(Xé - ;le/l)

— (X, — ;XlN’l)C;j(X’Q - ;NlX’l)

=A

Hence the matrix of the quadratic form of Q},C;/Qas/0? is idempotent. Thus, Q},C;/ Qar/0?
~ X2 _, with non-centrality parameter —HX’ AX6O where X0 = ul + Xp + Xga since the
rank of the matrix A is m — 1. Under “hull- hypothesis, a« = al,,. So the non-centrality
parameter can be shown to be zero as

1 L1
AXO = (X, — %XlN’l)CX/}(XQ — —N; X)) (pl + Xy p + aXyl,,)

k
~ 1. - - 1<
= (Xy — %XlN')C_l(X' — %NlX’l){(,u + o)1+ X, p}
~ 1 1.~
= (Xg — %XlN, ,u + O./ X 1+ X.2 1]_ — kNlX,lep}

. 1 ~ 1.
= (X, — %XlN, { a ksly, — kle‘SIbP}

~ 1 ~
= (X3 — %XlN' (4 a)srp_y 4+ sNip — (1 + a)sry,_q — lep}
=0.

Thus, Qlj\/[C]T/[lQM/O-Q ~ X?n—l‘

Now note that
SSW = ¥y — - ¥a.ve. — QuCil Qu
= iy'XsXé,y - klsy'XlX'ly —-y'Ay
=y By
where B = XX} — XX — A.

To check independence of Q4,C;/ Qs and SSW, we need to prove that AVB = 0
where A, B are as defined above and here V = ¢2I. So it suffices to show that AB = 0.
Now,

- 1 - . 1.~ 1 1
AB = (X, — %XlN,l)C]TJl(XIQ - %le’l)(gxzxé - EXlX,l —A).

The last two terms of AB may be simplified as
. 1 1 1
X, — N X)) (-X3X5 — — X X — A
( k 1 1)(3 3423 ks 143 )

) 1. : 1 1 1
X, XX, — gX;XIXQ ~ XA - SN X 4 o NIXOXOXG o NI XA (9)

%\HC/J\}—*

_ - ~ 1 1 1
X, XX, — kslexg ~ XA — S NIXIXXG 4 o ks N X+ o NI XA
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It may be checked that
. o 1. N 1.
X1A = (XX, — XX N O3/ (K — TNGX))

1 - - 8 1.
= (sRy_1 — —sN|N|)C;} (X, — —N/ X))

k k
- 1.~
=X, — %N'IX'1
Also,
1< / 1< I 1 / \J/ —1/~7/ 1< /
ENIXlA = %Nl(XlXQ — EX1X1N1)CM (X5, — %Nle)
1. - 1. - 1.~
— NN, - RN G (K T NGX)
=0.
Hence, equation (9) can be simplified as
7/ 1< / 1 / 1 /
(X5, — ENIXI)(EX?’X?’ — gXle —A)
15 o 1 1 -
= -X5X3X, — X, + %N’IX’1 — k—N’lX’ngXg
s s
B . 1 .- 1.~
=X, - X} + %N’lX’1 - %N’lX’1

= 0.

Thus, two quadratic forms Q},C,; Qu and SSW are independent and hence, under null
hypothesis, the test statistic F3 follows F-distribution with (m — 1) and (bk — b — m + 1)
degrees of freedom. Null hypothesis should be rejected whenever calculated value of Fj3
exceeds Fy (m—1),(k—b—m+1) Where Fy (m_1) (sk—b—m+1) denotes the upper « percent point of
an F-distribution with (m — 1) and (bk — b — m + 1) degrees of freedom.
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