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Abstract

This paper deals with the controllability and observability of the fuzzy matrix Lya-
punov discrete dynamical system. The considered fuzzy system is vectorised by using Kro-
necker product. The resulting vector system is converted to matrix Lyapunov difference
inclusion. For the considered fuzzy system, a symmetric controllability matrix is constructed
and derived fuzzy control. A sufficient condition for complete controllability of the fuzzy ma-
trix Lyapunov discrete dynamical system is established by fuzzy rule based approach. Center
average defuzzifier approach is used to establish the sufficient conditions for the complete
observability of the fuzzy matrix Lyapunov discrete dynamical system. A numerical example
is presented to illustrate the theories established, results proved and formulae derived.
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1. Introduction

Real world systems represented by mathematical models require the knowledge of
exact parameter model values. Many mathematical models do exhibit some degree of uncer-
tainty because of the limitations in obtaining the exact values of the model parameters. This
will naturally inspire scientists and engineers to construct models with uncertain parameters
and uncertain initial conditions. This uncertainty cannot be ignored or neglected because
of its influence on the model predictions. One of the important ways of incorporating the
uncertainty or vagueness is by fuzzy dynamical modeling. The fundamental prerequisites for
the design process are the controllability and the observability. The controllability conditions
guarantee for the existence of control which will steer the state from the initial point to the
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desired final point. So these two metrics are mandatory to test the possibility and feasibil-
ity of achieving the design requirements for the system of consideration. A simple criteria
for the controllability and observability for the fuzzy dynamical systems similar to that of
deterministic dynamical systems cannot be found because of the vagueness and uncertainty
involved in the systems as well as initial condition. So the controllability and observability
in fuzzy sense are to be explored. In the fuzzy case, the controllability cannot be charac-
terized by finding a suitable control which can transfer the system from the initial state to
any desired final state in a finite time interval since finite number of options emerge because
coefficients, variables in the system and initial conditions are fuzzy, not deterministic. (Cai
and Tang| (2000), |Ding and Kandel| (2000a)), Farinwata and Vachtsevanos| (1993)) have studied
the controllability of fuzzy systems.

Mastiani and Effati (2018]) have investigated the controllability and the observability
property of two systems that one of them has fuzzy variables and the other one has fuzzy
coefficients and fuzzy variables(fully fuzzy system) by normalizing the fuzzy matrices. Gabr
(2015)) studied impact of propagation of fuzziness in the coefficients of dynamical systems in
modeling, analysis, and design of automatic control systems. Difference equations describe
the observed evolution phenomena in a better manner when compared to that of differential
equations. Lyapunov matrix systems appear in determining the stability of the autonomous
systems by the second method of Lyapunov without finding the solution of the system
and also in the minimization of quadratic cost functionals in optimal control problems.
Matrix Lyapunov systems have extensive applications in control theory, digital computers,
optimal filters, population dynamics, differential games, power systems, signal processing and
boundary value problems. |Putcha et al.| (2012) established variation of parameters formula
for the matrix fuzzy dynamical systems and studied the controllability and observability of
the fuzzy discrete dynamical systems by the defuzzifier approach. |Anand and Murty| (2005)),
Murty et al.|(1997) studied the controllability and observability of the continuous and discrete
dynamical systems. It is very important to study the controllability and observability of the
mathematical models represented by fuzzy difference equations governing the ambiguity in
dynamics which is not probabilistic. In general the problem of steering an initial state of a
system to a desired final state in R™ become a problem of steering a fuzzy state to another
fuzzy-state in E°. Many of the physical applications may not have the exact information
about their deterministic dynamics which is prerequisite to construct a dynamical system.
The importance of control theory in mathematics and its occurrence in several problems
such as mechanics, electromagnetic theory, thermodynamics, and artificial satellites are well
known. In general, fuzzy systems are classified into 3 categories, (i) Pure fuzzy systems
(ii) T-S fuzzy systems, and (iii) Fuzzy logic systems, using fuzzifiers and defuzzifiers. In
this paper, we use fuzzy matrix Lyapunov discrete dynamical system to describe fuzzy logic
system and establish sufficient conditions for controllability and observability of first order
fuzzy matrix Lyapunov discrete dynamical system S; modeled by

AT (n) = A(n)T(n) + T (n)AT(n) + A(n)T(n) AT (n) + F(n)U(n), T(ng) = To,n >0 (1)
Y(n) = C(n)T(n)+ D(n)U(n) (2)

where U(n) is an m X s fuzzy input matrix called fuzzy control and Y (n) is an r x s fuzzy out-
put matrix. Here T'(n), A(n), F(n), C(n) and D(n) are matrices of order s xs, s X s, sXm,rxs
and r x m whose elements are continuous functions of n on J = [0, N] C R(N > 0). [Bar-
nett (1975) studied the problem of controllability and observability for a system of ordinary
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differential equations. |Anand and Murty| (2005)) established necessary and sufficient condi-
tions for the controllability and observability of continuous matrix Lyapunov systems. Using
fuzzy control, a complex system can be decomposed into several subsystems according to
the expertise of human ability to understand the system and using the human control strat-
egy represented by a simple control law. The popular fuzzy controllers in the literature
are Mamdani fuzzy controllers and Takagi-Sugeno(TS) fuzzy controllers . The main differ-
ence between them is that the Mamdani fuzzy controllers use fuzzy sets whereas the (T'S)
fuzzy controllers use linear functions, to represent the fuzzy rules. The accessibility and
the controllability properties of TS fuzzy logic control systems are studied by Biglarbegian
et al.| (2012) by using differential geometric and Lie-algebraic techniques. |Ding and Kandel
(2000blfa)), established that the observability is a characteristic of the system to estimate the
range of the fuzzy initial state with to the knowledge of the fuzzy input and the fuzzy output
in a finite time interval for the fuzzy dynamical system with the fuzzy initial state. In the
works of [Takagi and Sugeno (1985), lJohansen et al. (2000), Sugeno| (1999)) a crisp analytical
function is used instead of a membership function in a fuzzy model. In recent years many
authors Alwadie et al.| (2003); [Ying| (1999, 2006); Ding et al. (2003} 1999) are studying TS
fuzzy controllers, because of their ability to model real world problems. Anand and Murty
(2005); Murty et al. (1995)) established conditions for the controllability and observability
of Liapunov type matrix difference system. Murty et al.| (2008)) presented criteria for the
existence and uniqueness of solution to Kronecker product initial value problem associated
with general first order matrix difference system. |Murty et al| (2009) studied qualitative
properties of general first order matrix difference systems. We obtain a unique solution of
the system , when U(n) is a crisp continuous matrix. We use fuzzy matrix discrete system
to describe fuzzy logic system and extend some of the results of |Ding and Kandel (2000a;b))
developed for continuous case to that of discrete case by vectorizing the fuzzy matrix discrete
system. We obtain sufficient conditions for controllability and observability of the system
satisfying the initial condition. The fundamental results established in Murty et al.| (1995,
Rompicharla et al.| (2019, 2020) have in-fact motivated us to develop our results on fuzzy
matrix Lyapunov discrete dynamical systems.

The paper is organized as follows. Section [2] presents basic definitions and results
required to understand the paper. Section [3|is concerned with the formation of fuzzy ma-
trix Lyapunov discrete dynamical systems. Sufficient conditions for the controllability and
observability of fuzzy matrix Lyapunov discrete dynamical systems are presented in Section
and Section [5] respectively. Section [6] presents a numerical example.

2. Preliminaries

In this section basic definitions of Kronecker product, properties of vectorization,
a-level set, fundamental matrix solutions of homogeneous and non-homogeneous matrix
Lyapunov discrete dynamical systems and corresponding initial value problems are presented.

Let (N:L;) ={ng,no £ 1,...,n9 £ k,...} where ng is an integer number.

Let P, (N,fo )S denotes the family of all nonempty compact convex subsets of (NQLLO )SXS.
Define the addition and scalar multiplication in Py (NJO )s as usual. Radstrom| (1952) states
that P (N,J[O )S is a commutative semi group under addition, which satisfies the cancellation
law. Moreover, if a, 3 € (N,) and A, B € P, (N;fo)s, then a(A+ B) = aA+ aB,a(SA) =
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(aBf)A,1.A = A, and if o, > 0, then (o + f)A = aA + SA. The distance between A
and B is defined by Hausdroff metric d(A, B) = inf{e: A C N(B,¢e),B C N(A,¢)}, where

N(Aye)={zx € (N:O)S ||z =yl <, for some y € A}.

Definition 1: A set valued function F : J — P (ijo)s, where J = [0, N] C R(N > 0) is
said to be measurable if it satisfies any one of the following equivalent conditions:

(1) for all uw € (N,})*,n = dpm)(v) = infoepm) || v — v || is measurable,

(2) Gr F={(t,u) € J x (N,f)*:ue F(n)} € X xB(N, ), where 3°, 3(N,)* are Borel o
- field of J and (N,|)*, respectively (Graph measurablhty)

(3) there exists a sequence { f,,(.) }n>1 of measurable functions such that F'(n) = {f,(.) }n>1,
for all n € J (Castaing’s representation).

We denote by S} the set of all selections of F'(.) that belong to the Lebesgue Bochner space

L%N+ o(J), that is, Sk = {f() € L2N+ o () : f(n) € F(n) almost every where (a.e)}. We
no 0]

present the Aumann’s integral as follows: [, F(t) { [, f)de, f() e S}p} . We say that

F:J— F (N;:))S is integrably bounded if it is measurable and there exists a function

h:J—= (N5)h e L%NIO)S(‘])’ such that || u ||< h(t),u € F(t). We know that if F is a

closed valued measurable multifunction then [, F(t)dt is convex in (N,f)*. Furthermore, if
F'is integrably bounded, then [, F'(t)dt is compact in (N,})*.

Let B* = {u: ( no) [0,1]/u satlsﬁes the following };

U 1S normadl, at 18, ere exists an ng € o suc at U ng) = 1;
1) ui I, that is, th ist N h that 1

(2) w is fuzzy convex, that is, for z,y € (N,J[O)S and 0 < A < 1, u(Az 4+ (1 = N)y) >
minfu(x), u(y)];

(3) w is upper semicontinuous;

(4) [u]°={z € (N,f{o)s Ju(z) > 0} is compact.

For 0 < a < 1, the 0 < a < 1, the a- level set is denoted and defined by [u]* = {z €
(N,£ u(x) > a}. Then, from (1) — (4) above, it follows that [u]* € Pi(N,") forall 0 < a < 1.
Define D : E™ x E™ — [0,00] by D(u v) = sup{d([u]*, [v]*)/a € [0,1]}, where d is the
Hausdroff metric defined in Py (N +) . It is easy to show that D is a metric in E* and

using results of [Radstrom| (1952)), we see that (E*, D) is a complete metric space, but not
locally compact. Moreover, the distance D verifies that D(u 4+ w,v + w) = D(u,v),u,v €

D(Au, \v) = |\|D(u,v),u,v € ES X € R, D(ut+w,v+2) < D(u,v)+ D(w, 2),u,v,w,z €
E*. We note that (E°, D) is not a vector space. But it can be embedded isomorphically as
a cone in Banach space (Radstrom| (1952))). Regarding fundamentals of differentiability
and integrability of fuzzy functions, we refer to Kaleva| (1987) and Lakshmikantham and
Mohapatra/| (2003).
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Definition 2: Let A € C™**(R"**) and B € CP*9(RP*?). Then Kronecker product of
allB algB ...CLlsB

A and B is written as A ® B and is defined as a partitioned matrix B anB .08

a'r’lB a'r’QB arsB
which is an rp X sq matrix and is in C™P*5(R"P*57).
The Kronecker product has the following properties.

(1) (A® B)* = A* ® B*
2) (A®B)'=A"® B!

(3) (A® B)(C® D)= (AC ® BD).
This rule holds, provided the dimensions of the matrices are such that expressions are
defined.

(4) [A@ B[ = [[A[[|[B]l, where (]| = maz;; |ai;])

(5) (A+B)@C=(AC)+ (B®C). ~
Vectorization of matrix A is denoted by VEC (A) = A and defined as follows.

Definition 3: Let A = [a;;] € C™*(R"™*), we denote VEC(A) = A = [A, Ay, ..., A"
where A ; = [ay;, as;, ...,am-]T , (1 <j <s), where X is a matrix of size s X s.

Vectorization has the following properties.

1. VEC (AXB) = (B*® A) VEC X.

2. If A and B are square matrices of order s, then

VEC (AX) = (I, ® A) VEC X

VEC (XB) = (B*® I;) VEC X.

Theorem 1: [Ralescul (1979); [Murty and Kumar| (2008))]
If w € E° then

(1) [u]* € Py (N;L:))SXS forall 0 < a < 1;
(2) [u]* C [u]*r for all 0 < a; < ag < 1;

(3) « is non decreasing sequence converging to o > 0, then [u]* = Ng>;[u]**. Conversely,
if {A%:0 < a <1} is a family of subsets of (N;fo)sxs satisfying (1) — (3), then there
exists a u € E* such that [u]* = A® for 0 < a < 1 and [u]® = Upcqa1 A C A°.

Theorem 2: [Sundaranand Putcha (2014); Rompicharla et al.| (2019)]

Let ¢(n,0) and ¢*(n,0) be the fundamental matrix solutions of

AT(n) = A(n)T(n) and AT(n) =T (n)AT(n).

Then the matrix ¢(n, ng)C¢*(n,ng) (where C' is a constant square matrix of size s) be the
fundamental matrix for the system

AT(n) = A(n)T(n) + T(n)AT(n) + A(n)T(n)A" (n), T (ng) = 1. (3)
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The matrix (¢*(n,ng) @ ¢(n,ng)) is the fundamental matrix of
AT (n) = ((Aln) ® A(n)) + (A(n) ® L) + (I, @ A(n))T(n), T(no) = T (4)

and the solution of (4)) is T'(n) = (¢*(n,0) ® ¢(n,0)T,.

Theorem 3: [Putcha and Prathyusha; (2019))]
Let ¢(n,ng)C¢*(n,ng) be the fundamental matrix for the system (3). Then the unique
solution of the initial value problem

AT(n) = [(A(n) @A)+ (A(m) © 1,) + (I, AT () + (I, @ F(n)) T (n), T(ng) = Ty (5)

is given by
n—1
T(n) = (¢"(n,0) ® ¢(n,0))To + Y_(¢"(n,j + 1) @ ¢(n, j + 1)) (L @ F(j))U (7).
=0
3. Inclusion approach to Fuzzy Matrix Lyapunov discrete dynamical system

This section presents a method of the conversion of fuzzy matrix Lyapunov discrete
dynamical system to a matrix Lyapunov difference inclusion. Thus the solution of a fuzzy
matrix Lyapunov discrete dynamical system can be expressed as the solution set of the
corresponding matrix Lyapunov difference inclusion.

Let u;(n) € EY,n € J,i =1,2,..,s% and define

U(n) = (uy(n), us(n), ..., uz2(n)) = uy(n) X us(n) X ... X uz(n)
= {(uf(n),us(n),...,u(n): a €[0,1]} (6)
= {(t1(n),uz(n), ..., ae(n) : 4;(n) € ui(n),a € [0,1]},

where u®(n) is the a-level set of u;(n). From the above definition of U(n) and Theorem [1] it
can be easily seen that U(n) € E**. We now show that the following system S, defined by

~

AT (n) = ((A(n)© A(n)) + (A(n) @ L) + (I, © A(n)))T(n) + (L, @ F(n))U (n), T(0) = Ty (7)

and

Y(n) = (s ® C(n)))T'(n) + (I @ D(n))U(n) (8)
determines a fuzzy system by using the fuzzy control U (n). Assume that U (n) is continuous
in £5°. Then the set U* = ui(n) x us(n)x, ..., xuz(n) is a convex and compact set in

2
(N,f[())s . For any positive number N, consider the following inclusions

AT(n) € [(A(n) @ A(n))+(A(n) QL) + (I, An))|T(n)+ (I,@ F(n))U*(n),n € [0, N], (9)

T(no) € Tp. (10)
Let T be the solution of @ satisfying
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Lemma 1: [T(n)]* € Pk(N;LLO)SQ, for every 0 < a < 1,n € [0, N].

Proof: We can observe that T® is non empty since U “(n) has measurable selection.
By choosing

K = MaTnec(o,N] || ¢(nvn0) H’L = MAaTneco,N] H ¢*(TL,TLO)) ”7
M = maz{|| u(n) ||: u(n) € U*(n),n € [0, N]},
T = maxncpn || F(n) ||, J = mazypepn || Ls ||= 1.
If for any 7' € T, there exists a control u(n) € U*(n) such that

n—1

T(n) = (¢"(n,n0) © ¢(n,n0)) Ty + - (¢"(n,j +1) ® $(n, j + 1)L ® FGHUG).  (11)

Jj=no

By taking norm on both sides of the equation (11)), we get

| T(n) |< KL || Ty || + K LTMN.

Hence T is bounded.
For any ny,nge € [0, N], consider,

T(ny) = T(n2) = (¢"(n,m1) ® ¢(n,n1)) To+mZ ¢*(n1,5+1) @ p(n1,j +1)) (L @ F(j))u(j)—
(6" (0, 72) @ B, ma)) Ty = 3 (6% (na, + 1) @ Bz, + 1)1, © F(G)u))
Therefore
| ) — Tna) 1] (6 (m 1) @ b, ) — (" (n,ma) @ S, ma) | Fo || +
@+ ) @ ol + D)L © FGG) I+
S+ 1)@ 61,5 + 1) = (67 (0a, + 1) 9 0, + D)) @ PG |

<[l (¢ *(n ) @ d(n,m)) — (¢"(n.n9) @ ¢(n,na)) || To | +KLTM | ny —ng | +

MT Z (6% (n1,5 +1) @ ¢(na, 7 + 1) = (¢"(n2,5 + 1) @ ¢(ne, j + 1)) |-
j=no
Since (¢*(n,n9)) and (¢(n, ng)) are both uniformly continuous on [0, V],

T is equicontinous. Thus, Te is relatively compact.
Let Tk € T* and Tk — T For each Tk, there is a u € Ua( ) such that

n—1

Ti(n) = ((¢*(n,n0) ® d(n,n0)) Ty + Y (&"(n, 7 + 1) © $(n, j + 1) (L ® F(j)Ur(4). (12)

Jj=no
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Since uy € U “(n) is closed, then there is a subsequence < ug, > of < ug > converging weakly
to u € U*(n). From Mazur’s theorem (Conway and Voglmeir| (2016), there exists a sequence
of numbers \; > 0, ¥\; = 1 such that X \;uy, converges strongly to u. Thus from ((12) we
have

n—1
Y\ TK Z)\ (n, ng)®e(n, no) To—i— Z (n, j+1)@¢(n, j+1))(IQF (5)) X Xug, (7)-
Jj=no
(13)
As 1 — oo from equation and Fatuou’s lemma, it follows that

T(n) = (6"(n,10) ® (n,10))To + (6" (n,j + 1) ® (n, j + 1)) (I, ® F(5))u(j).

Thus T'(n) € T*, and hence T is closed.
Let T1,T, € T, then there exists uy, us € U%(n) such that

Ti(n) = [(A(n) © (A(n) ® L) + (I, ® A(n))Ty(n) + (L, @ F(n))ui (n),

( ) +
Ty(n) = [(A(n) ® A(n)) + (A(n) ® L) + (I, ® An)|T2(n) + (I, ® F(n))us(n).

LetT(n):)\T(n)—i—(l—)\) 5(n),0 < A <1 then

n

A(
A(

AT(n)
= ATy (n) + (1 — \)ATy(n)
= A((A(n) @ A(n)) + (A(n) @ L) + (I, ® A(n)))T1(n)
+ (L @ F(n))ui(n) + (1 - )(((A(n) A(n)) + (A(n) © L)
( © A(n)))To(n) + (I, ® F(n))uz(n)
= (L. ®An)) + (A(n ) ) (A(n) @ A(n))]INT3 (n)
+(1- ) 2(n)] + (Is © F(n))[Aui(n) + (1 = Mua(n)]
Since U%(n) is convex, Auy(n) + (1 — )\) 2(n) € U%(n), we have
A(

AT(n) € (I, ® A(n) + A(n) ® L, + A(n) @ A(n))T(n) + (I, ® F(n))U%(n),

i.e.,f € T®. Thus T° is convex. Therefore T is non empty, compact and convex in
C[[0, N, (N;L;)SQ]. Thus, from Arzela-Ascoli theorem, it follows that [I'(n)]* is convex in
(quo)sz, for every n € [0, N]. Therefore [T'(n)]* € Pk((N;:))SQ) for every 0 < a < 1,n €
[0, N]. O

n

Lemma 2: [T(n)]*2 C [T(n)]™, for all 0 < oy < ap < 1.
Proof: Let 0 < a; < as < 1. Since U2 (n) is contained in ﬁal(n), it follows that

U (n) = u$2(n) x u$?(n) X ... uls (n) C ult(n) x us'(n) X ... X uls(n) = U (n)
and also the following inclusions:

AT(n) € [(A(n) ® A(n)) + (A(n) ® L) + (I, ® A(n))]

C [(A(n) @ A(n)) + (A(n) © L) + (I @ A(n))]
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Consider the following inclusions:
AT(n) € [(A(n)@AN))+(An)R L)+ (1,0 AT (n)+ (I, F(n))U*(n),n € [0, N] (15)

AT(n) € [(A(n)@AN))+(A(n) L)+ (I, A(n)]T(n)+ (I, F(n)) U (n),n € [0, N] (16)

Let 722 and T be the solution sets of 1} and respectively. Clearly the solution of
satisfies the following inclusion:

n—1

T(n) € (¢"(n,10) @ d(n,n0)To + - (¢*(n,§ + 1) @ d(n, j + 1)L @ F(1)) Sy 41
J=no
n—1
C (¢"(n,m0) ® p(n,m0))To + 3 (6"(n, 5 + 1) ® (0, j + 1)) (Ls @ F(j) g, jpyy- (17)
Jj=no
Thus 7% € T*. And hence T°(n) C T*(n) O

Lemma 3: If < a; > is nondecreasing sequence converging to a > 0 then
T“(n) = ﬂ;@lT‘lk (TL)

Proof: Let

U (n) = uf* x ug*x, ..., xuy, U%(n) = uf x ugx, ..., ugp

and consider the inclusions
AT(n) € [(A(n) ® A(n)) + (A(n) ® I,) + (I, ® A(n))]T(n) + (I, ® F(n))U*(n)  (18)

AT(n) € [(A(n) ® A(n)) + (A(n) ® L) + (I, ® An)]T(n) + (I, ® F(n))U%(n) (19

Let T and T be the solution sets of [18 and [19| respectively. Since u;(n) is a fuzzy set and
from Theorem [1, we have
U? = ﬂkzlu?k, (20)

we consider
Ua(n) = U? X USX, ey xufj‘g = ﬂkzlu?k X ﬂkzlug‘kx, ceny ﬂkzlujg’“ = ﬂkleak(n) (21)

1 _ al
and then Sﬁa ) = S

ﬂk2lﬁak (n) ’
Therefore

AT(n) € [(An) ® A(n)) + (A(n) @ L) + (I, ® A(n))T(n) + (I, © F(n))U(n)
= [(A(n) ® A(n)) + (A(n) @ L) + (L, © A(n))|T(n) + (L @ F(n)) Nez1 U (n)

C [(A(n) @ A(n)) + (A(n) @ I,) + (I, ® An)]T(n) + (I, @ F(n))U*(n), k =1,2,3, ... (22)
Thus we have T® C T k = 1,2, 3..., which implies that

T C N1 T (23)
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Let T be the solution set of the inclusion 1) for K > 1. Then

n—1
T(n) € (¢"(n,1n0) @ d(n,n0)To + - (¢*(n,j + 1) @ d(n,j + 1)) (1 @ F()))Spe, (n). (24)
J=no
It follows that
n—1
T(n) € (¢"(n,10) ® ¢(n,10))To + Mhz1 3 (¢7(n,j +1) @ G, j + 1) (L © F(§)Shany
Jj=no
n—1
C (#*(n,n0) ® ¢(n,n0))To + 3 (¢"(n, +1) @ 6(n,j + 1)) (1 @ F())SL 2 e
n—1
= (6" (n,n0) ® ¢(n,no)) Ty + Y (¢*(n, 5 + 1) ® d(n, j + 1)) (I, ® F(5))Sha,-
Jj=no
This implies that T' € T. Therefore,
meIj\Wk C ’fa. (25)

From (23) and , we have T® = M1 T and hence, T%(n) = N1 T (n).

O
The following theorem establishes the equivalence of fuzzy matrix Lyapunov discrete dy-
namical system with that of matrix Lyapunov difference inclusion and presents the solution
set.

Theorem 4: The system and is a fuzzy matrix Lyapunov discrete dynamical system,
and it can be expressed as

AT(n) = [(A(n) @ A(n)) + (A(n) ® I,) + (I, ® A(n))]T(n) + (I, @ F(n))U(n), T(no) = {%g)

Y(n) = (I, ® C(n))T(n) + (I, ® D(n))U(n). (27)
The solution set of fuzzy matrix Lyapunov discrete dynamical system and is given
by

n—1

T(n) € (6" (n,n0) @ ¢(n, no))To + D~ (6" (n, j +1) @ d(n, j + 1))(L @ FG)U (). (28)

Jj=no

Proof: Proof follows from the Lemmas and Theorem [1] since there exists T'(n) € E*’
on [0, N] such that 7%(n) is a solution set to the difference inclusions @) and (10)).

O
The following corollary is the input characterization of the solution set of the initial value
problem associated with the non homogeneous matrix Lyapunov discrete dynamical sys-
tem.corollary

Corollary 1: If the input is in the form U(n) = 1(n) X Ga(n) X ... X 4;(n) X ... X Ugz(n)
where ,(n) € R, k # i are crisp numbers, then the 7th component of the solution set of
is a fuzzy set in E1.
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The following definitions fuzzy controllability, fuzzy observability, a-level sets and
product of fuzzy matrix with a-level sets are essential for exploring the controllability and
observability of the fuzzy matrix Lyapunov discrete dynamical system.

Definition 4: The fuzzy system given by equations — is said to be completely con-
trollable if for any initial state 1'(ng) = 1y and any given final state T there exists a finite
time ny > 0 and a control U(n), 0 < n < n, such that T(nl) =Ty.

Definition 5: The fuzzy system given by equations (|26} . is said to be Completely observ-
able over the interval [0, N] if the knowledge of rule base of 1nput U and output Y over [0, N ]

suffices to determine a rule base of initial state Ty . Let ul,y},i = 1,2,..,s%1 =1,2,.
be fuzzy sets in E!. We assume that the rule base for the input and output is given by

RUIf wy(n) isin wl(n),ta(n) isin uh(n), ..., Ge(n) isin ulz(n),

Then #i(n) isin yi(n),%2(n) isin yy(n), ..., e (n) isin ya(n),l=1,2,...,m  (29)

and the output can be expressed as a function of input by the equation

Y(n) = (I, ® C(n))T(n) + (I, ® D(n))U(n).

Definition 6: Let z,y € E5 and 2 = @1 X 29 X ... X 22 and y = 41 X ya X ... X Yg2,
xi,y; € BYi=1,2,..., 5%
[y2]* =[]
If y = z+ux, then z = y—x which is defined by [z]* = [y —z]|* = [y]*—[z]* =
[ys2]® — [z2]®
If y = w — 2, then w = y + x which is defined by
1] + [2]”

[w]* = [y + ] = [y]* + [2]* =
[?/82]& + [xsz]a

C11 Ci2 ... Cig2
crs . _ |G C22 C2s2 2 2 : —
Definition 7: Let C = be an s° X §° matrix, p = p; X pa X ... X Dg2,
Cg21 Cg29 ... Cg242

let p; € E',i=1,2,...,5% be a fuzzy set in E*", and let [p;]* be a- level sets of p;, define the
product Cp of C' and p as

C11 C12 Cig2 [pl]a Cll[pl]a 4+ ...+ C142 [psz]a
e B Kl B B
Cs21 Cg29 ... Cg242 [ps2]® ce21[p1]® + ... + Cozg2[ps2]®

4. Controllability of Fuzzy Matrix Lyapunov discrete dynamical system

A sufficient condition for controllability of fuzzy matrix Lyapunov discrete dynami-
cal system is derived by fuzzy rule based approach via corresponding Lyapunov difference
inclusion.

Theorem 5: The fuzzy system — is completely controllable if the s2 x s? symmetric
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controllable matrix

N-1

W(ng, N) = > _[(¢"(N,j+1)@¢(N, j+ D)) (L@ F () (LR F(j) (¢ (N, j+1)@(N, j+1))"]

Jj=no
(30)
(Where * represents the conjugate transpose) is nonsingular. Furthermore, the fuzzy control
U(n) which transfers the state of the system from 7'(0) = Ty to a fuzzy state

~

T(N) =Ty = (tg, trymrtrs,) (31)
can be modified by the following fuzzy rule base:
R:IF £ isin tfl,th,...,ffSQ isin t;, THEN @ isin wup.te isin wue (32)
where
(U1(n), ta(n), .., g2(n)) =
@ F(m) ™ (6" (N, G +1) @ 6(N, j + 1))
x (f ( ) Ea(N), oty ta (N)
— (L@ F(n)"(¢"(N,j +1) @ ¢(N,j +1))"
W= (no, N)(¢* (N, No) @ ¢(N, No))T(0),i=1,2, .., s>

Proof: Suppose that the symmetric controllability matrix W (ng, N) is nonsingular.
Therefore W~ (ng, N) exists. By multiplying equation on both sides by
Wﬁl(no, N) (Qb*(N, No) X ¢<N, No))To, we get

(¢"(N, No) @ ¢(N, No))Ti Z "(N,J+1)® (N, j+ 1)) @ F(5))

X(I, @ F(j)) (" (N, j +1) @ 6(N,j + 1) )W 0, N)(¢"(N, No) ® ¢(N, No))Tp. ~ (33)
Now our problem is to find the control U(n) such that

T(N) =Ty = (¢"(N, No)2(N, No))To+ 2_: (¢* (N, j+1)@S(N, j+ 1)) (L& F()U (). (34)

Jj=no

Since T is fuzzy and U(n) must be fuzzy, otherwise the left side of equation cannot be
equal to the crisp right side. Now T can be written as

1 N—-1 1 N-1 ‘ ) .
;;O =N]2;0 ¢*(N,j+1) @ ¢(N,j + 1)L ® F(j)) (35)

x (I, ® F(5)) "1 (¢"(N,j + 1) ® (N, j + 1))"'T}.
From and we have

© X GV DOV, j+ D)L @ F() % (1, F() ™ (6" (N, j+ 1) @4(N, j + 1) T

Jno
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= (¢"(N, No) ® (N, No))Tp + Z ¢*(N,j+1)®¢(N,j+ 1)L, & F(G))U(G).  (36)

7=0
From and it follows that

Z (N +1) @ (N, j+ 1)L ® F()(L @ F(j)) ™

(¢"(N,j+ 1) @ 6(N,j +1))'T; = i (0" (N,j +1) @ (N, j + 1))(Ls © F(7))

j=

(I ® F(j))"(¢"(N,j + 1) ® (N, j + 1))* x W (ng, N)(¢"(N, No) ® ¢(N, Ny))T

+ Z (N +1) @ 6(N, G + D)L © F(7)T () (37)
> (6 (NG + D) @GNG+ 1)L & PTG = X (6 (Nj+ 1) @ 6N, + 1)

(1, @ FG) {1, ® F(G) ™ (67 (N, + 1) @ 6N, j + 1) Ty~

(I @ F(7))"(¢"(N,j +1) @ 6(N, j + 1)) W™ (no, N) (¢" (N, No) © 6(N, No)) To}.~ (38)
Now U(N) can be expressed as

(1@ F() ™ (6" (N4 1) © (N, n + 1)) T -
(I, ® F(n)"(¢"(N,n+ 1) ® ¢(N,n+1))" x W™ (ng, N)(¢"(N, No) ® 6(N, No))To}. (39)
Now we have the following two possible cases for

Case(i)
When T(N) = Af (t1(N),12(N), ...,t2(N)) is a crisp point, equation gives corre-
sponding control U(n) and is given by U(n) = (uy, Ug, ..., Us2).

Case(ii)
When T(N) = (£,(N),t2(N), ...t s, ..., t2(N)), equation (39) gives the corresponding control

U(n) and is given by U(n) = (ul, Us, ..., Us, ..., Tg2) in which the component of U(n) is a fuzzy
set in E. N
Clearly u;(n) is in u;(n), (t;(N)) gives the grade of the membership of t;(N) in t; .

Hence fuzzy rule base for the control U given by equations (31)) and . follows. [
Note: The converse of the above theorem need not be true. Since fuzzy rule base cannot

imply the non singularity of the controllability matrix W (ng, N) given by (30). It follows
that the condition in the above theorem is only sufficient condition but not necessary.
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5. Observability of Fuzzy Matrix Lyapunov discrete dynamical system

A sufficient condition for observability of fuzzy matrix Lyapunov discrete dynamical
system is constructed by center average defuzzifier approach via corresponding Lyapunov
difference inclusion.

Theorem 6: Assume that the fuzzy rule base holds, then the fuzzy system -
is completely observable over the interval [0, N] and (/s @ C'(N))(¢*(IV, Ny) @ ¢(N, Np)) is
nonsingular. Furthermore, if

fO = (%7%7“'7582) (40)

then one has the following rule base for the initial value T\o,
R If @ (N) € ul(N),...,02(N) € uls(N) and 7,(N) € y1(N), ..., 72 (N) € y'2(N)

Then t} isin t4(1),...& (n) isin £(S%),1=1,2,..,m. (41)

where

th(i) = [(Is ® C(N))(¢" (N, No) @ ¢(N, No))| " {V}(N) — (Is ® D(N))U(N)—
Z “(N,j+1) @ (N, j+ 1)L F(j))H(j)}, (42)

Ty = (I, ® C(N))(¢*(N, No) @ (N, No)) " {#H(N) — (I, ® D(N))U(N)—

(L& CON) x X (L@ d(N — j = D), & F)T) (13)
Hl(n) = Ty (n) X Ty(n)x, ..., ul(n)... X Uz (n), (44)
Vi) = 1(n) X Ga(n)x, ..., yt(n)... x G (n),i =1,2,..,s%1=1,2,..,m. (45)

Proof: Consider the case when [ = 1. Let

u(n) = (a1(n), dz(n), ..., usz(n)),

(
g(n) = (71 (n), 2(n), ..., Y (1)) (47)
Let f1,1(n)(i(n)) be the grade of the membership of @;(n) in ui(n), and let fy1 () (Ui (R))
be the grade of membership of 7;(n) in 3} (n). Since (I, ® C(N))(¢*(N, No) ® ¢(N, Ny)) is

nonsingular and from (28)) we have

Ty = [(I, @ C(N))(¢" (N, No) @ ¢(N, No))I " {F(N) — (Is © D(N))a(N)—

N-1

(I, @ C(N)) > (¢ (n,j+1) @ ¢(n, j + 1)) (I ® F(j))u(s)} (48)

Jj=no

When the input and output are both fuzzy sets it follows from equation [§] that

(L @ C(N)T(n) =Y (n) — (L ® D(N))u(N) (49)
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is a fuzzy set. From equation , we get

(I, ® C(N))(¢* (N, No) @ (N, No)) T + Z (n,j+1)® é(n,j+ 1)) (I, ® F(5))U()
=Y (n) — (I, ® D(N))U(n). (50)

Using Definition [6] it follows that
(L ® C(N)(@* (N, No) ® ¢(N, No))To = {Y (n) — (I, @ D(N))U(n)~

(L ® C(N))} Z (n,5 +1) ® ¢(n, j + 1)) (L ® F(5))U(j). (51)

Jj=no

C(N))(@*(N, Ny) ® ¢(N, Np)) is nonsingular, we have
= [(L; ® C(N))(¢"(N, No) @ ¢(N, No) " {Y (N) = ((Ls @ D(N))U(N))~

Since (I; ®
T

N-1

(LeC(N)) x > (¢"(n,j+1) @ d(n,j+ 1)L, @ F()U ()} (52)

Jj=no

Now, the initial value Ty should be a fuzzy set but not a crisp value. The following assump-
tions will enable us to determine each component of Tj

H}(n) = u(n) x uj(n +1) X ... X Uz(n)
Vii(n) = g1(n) x yi(n + 1) X ... X Je(n) where i=1,2, ..., s (53)
From the Corollary [3| we know that the ith component of the set

(6 (N, No) ® (N, NoD)To + 3 (6 (naj + 1) @ d(nj + )1 ® FGNHL(n)  (54)

Jj=no

is a fuzzy set in E'. From the fact that the product of a square matrix of size s? and column
. 2 . . .
vector whose elements are a- level sets defined on fuzzy set in F* is again a fuzzy set in
2 .
E# | it follows that the product

n—1

(Lo C(N)) x 3 (¢*(n,j + 1) ® ¢(n,j + 1)L, ® F(j))H}(n) (55)

Jj=no

is a fuzzy set in E*°. Hence T, is a fuzzy set in E*” and the i component of it denoted by
t5(i) is a fuzzy set in E'. The grade of membership of £} in ¢}(i) is defined by
,U/t(l)()(to) = min{fiy1 () (@i(n)), py1 (n)(gi(n))}. Now the initial value is determined by us-

ing the equations (41) to . In general, computation of #}(i) is very difficult, but to
solve the real value problem the following approximation is chosen. Now we take the point

1 (1)(t)) and the zero level set [t (i)]° to determine a triangle as the new fuzzy set
01 Ml 0
t4 (7). We can use the centre average defuzzifier

i > (%)lﬂtg(i)@%)l
° S b iy (1)

to determine the initial value Ty = (£},22,...,£3°). To obtain more accurate value for the
initial state, more rule bases may be provided. O

(56)
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6. Numerical example

In this section, a numerical example which verify and validate the established condi-
tions of controllability and observability of fuzzy matrix Lyapunov discrete dynamical system
is presented. Consider the fuzzy matrix Lyapunov discrete dynamical system (27)) satisfying

H with A(n) = [(1) _02] F(n) = [2(; BOn], C(n) = [(1) é] and D(n) = [8 Ol N =2,
T(0) = H i Let the final state t; = (ty,,ts,,ts,,ts,) in E*, where [Tf] =
(IEal®, ()" [ER]* [E0]%)" = lla = 1,1 —a],[a = 1,1 — o], [0.1(a — 1), 0.1(1 ~ &)}, [0.1(a ~

1),0.1(1 — a)]]". Choose the points £, = 0.5,¢;, = 0.25,¢;, = 0.05,and ¢, = 0.025, which
are in ty,ty,,tg, and ty, whose membership function values are 0.5,0.75,0.5 and O 75 re-
spectively. The fundamental matrix of homogeneous discrete dynamical system AT (n) =

n—ng
A(n)T'(n) is given by ¢(n,ng) = 1 0 (_2(>Jn_n0 . The 22 x 22 symmetric controllable
5 0 0 0
. . . 0 13 0 0.
matrix W (0, 2) obtained by equation (30)) of Theorem |5 we get W (0,2) = 00 5 olB
0 0 0 13
nonsingular. Thus from Theorem 5 the a- level fuzzy control U (n) is computed by
2)" a—1,1-aq] (2)"0.2
Jo(n) 377(—2)"[a — 1,1 — q | (0.304)37(—2) !
(2)7710.1(a — 1),0.1(1 — )] (0.8)2"

377(=2)"[0.1(a — 1),0.1(1 — a)]| | (1.1216)37(—2) "+
The a- level sets of fuzzy input U(n) and fuzzy output Y (n) by Rule Base 1 are denoted by
[UW]e [YV]* and are given by

Rule Base 1:
[0, —0.75(c — 1)] [0, —2(cv + 1)]
01 = (M b |7 = | 0, 1 5a 1)
031+ 1) 05(a—1)+3.3

The a- level sets of fuzzy input U(n) and fuzzy output Y (n) by Rule Base 2 are denoted by
(U@ [YD]* and are given by.

Rule Base 2:
[0, —0.8(a — 1)] [0,—1.5(a — 1)]
A 0.8a+0.2,1 S(2)100 a+1,2
o) = %,05@—4% W(W[QLZmajlﬂ
[0.50c + 0.5, 1] (20 + 1), 3]

From Rule Base 1, select
' = (T, Uy, s, g) = (0.5,0.85,0.4,0.75)

the values of the membership function of uy, uy, u3 and uy are 3 1 0.8,0.2, and 1 , respectively.
Also

7' = @70 = (1,2.8,05,2.9)



2024] FUZZY MATRIX LYAPUNOV DISCRETE DYNAMICAL SYSTEM 17

the values of the membership function of the output 7,92, 73, and 94, are %, 0.6, % and 0.8
respectively.
From Rule Base 2, we select

@ = (T, 2, U3, a) = (0.5,0.8,0.25,0.75),

the values of the membership function of uy, s, 3 and uy respectively are %, 0.8,0.2 and %
respectively. Also
7 =970 = (1,1.75,2,1.5)

the values of the membership function of §*, 7%, 7%, and g* are 3, 2,0.2 and 0.25 respectively.
[1.3]

[0.0375]
[1.7]

[—0.0625]

From Rule Base 1 and equation (43) we have Ty = From Rule Base 1 and

2.8;2.2.50 + 0.55]
equation 42 we have t(1) = [=0.2125; —[(2)8]04 — 0.7125) . When a = 0, we observed that

[—1.1875)

t5 = 1.3 belong to the interval [2.8,0.55]. We choose its function in ¢} as

py (1) = min{puy (Wi (n)), pyr (n) (§1(n) } = min(3, 3) = 3.

(0.5 4 1; 1.5]
0.1875(1 — @); 0]
[2.9]
[~1.175]

val [0.1875;0]. We choose its membership grade in #5(2) as p2)t5 = min(0.8,0.6) = 0.6.
[ [1.3]
t5(3) = [O{g397]5] . When a = 0, we observed that #3 = 1.7 belong to
| [—13125, —0.375cc — 1.5625]
the interval [2.9;0]. We choose its membership grade in (3) as 1,1 (3)t5 = min(0.2, ) = 0.2,
[1.3]
[0.0375]
[0.5a + 2.5; 3]
[—0.8750 — 0.75; —1.625]
to the interval [—0.75, —1.625]. We choose its membership grade in #}(4) as ,ut(l)(4)f(1) =

min(3,0.8) = 3.

t5(2) = . When a = 0 we observed that #2 = 0.0375 belong to the inter-

th(4) = . When a = 0, we observed that t3 = —0.0625 belong

[0.95]
[—0.125]
[0.75]
[0.3125]

Similarly for Rule Base 2 using equation (43| we get Ty =

By using Rule Base 2 and equation we get

[1.75; 2.4 — 0.25]

—0.2; —0.375 + 0.05 ,
= | [1.5] b0 = min(2. ) =

[~0.8125]
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[a — 0.5;0.5]
02 O, @7 = min
-0.2]
[0.25]
[0.05]
[1.5]
[—1.3125; —0.625a — 0.6875]
[0.25]
0.5]
200 + 15 3]
[—0.875a — 0.375; —1.25]

t3(2) = )=

Y

>l
o

3(3) = 12 (3)83 = min(1,0.2) = 0.2,

t2(4) = g ()82 = min(3,0.25) = 0.25.

By using the center average defuzzifier given by equation the initial value Ty = (&3, £2, 3, 1)

is given by

[1.3 % 1 +(0.95) x 1] [0.0375 x (0.6) 4 (—0.125) x 0.75]

ty = — 255142, 2 = — —0.052
’ +3 Pl 0.6+ 0.75 0.0521,
73 [1.7%(0.2)4(0.75)x (0.2)] __ 4 [=0.0625x(0.5)+(0.3125)x(0.25)] __
to o 0.24-0.2 o 12257t o 0.5+0.25 = 0.0625.

By considering more rule bases the accuracy of the initial state can be improved.

7. Conclusion

In this paper, by visualizing fuzzy matrix Lyapunov discrete dynamical system as a
Lyapunov difference inclusion, sufficient conditions for the controllability and observability of
the fuzzy matrix Lyapunov discrete dynamical system are constructed by following the fuzzy
rule base. We have constructed the rule base for the initial value without the knowledge
of the solution of the system. This approach is new for the Lyapunov discrete dynamical
systems. The constructed example clearly demonstrates the established results.
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