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Abstract

In agricultural experiments, we generally study the effect of manure on the yield of a crop,
where the manure is applied on a single occasion. However, in real life, it is often observed that
the farmer applies manure on the same plot at different time points. The composition of the manure
may be same or may change depending on the growth of the plant at the intermediate time points.
In this paper, we discuss a scenario where manure is applied at two time points — once at the time
of sowing and next at some intermediate point before harvesting the crop. The composition of the
manure applied at the second time point depends on the growth of the plant at that point. If the
growth is found to be unsatisfactory, the manure is enriched with some additional components.
We propose a linear model to describe the mean yield, which depends on the mixing proportions
of the ingredients of the manure, and optimum designs are derived for the estimation of the model
parameters. Examples are given for experiments with two/ three/ four component mixtures.

Key words: Mixture experiment; Repeated applications of manure; Quadratic yield model,
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1 Introduction

A regression model describes the influence of various factors on the response under study.
In agricultural experiments, regression models are used to study the effect of manure on the yield
of a crop. In such experiments, the manure is generally applied on a single occasion. However, in
real life, it is often observed that the farmer applies manure on the same plot at different time
points. This is because repeated application on need basis is found to maintain good plant growth
and crop production. Further, application in smaller amounts at frequent intervals may be more
beneficial than a single application at a high rate, as some of the manure may be lost, say by
leaching or in run-off due to heavy rains after it is applied, or a high rate of application may be
harmful to the plant.

The composition of the manure in repeated applications may be same or may change
depending on the growth of the plant at time points at which the manure is applied. Due to high
cost or scarcity of certain organic substances used in the manure, the farmers may not be using
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them while applying manure before sowing of crop. However, if the crop growth is not found to
be satisfactory at the time points of observation, they may be willing to enrich the manure with
those ingredients. As the composition of the manure affects the growth and yield, one may be
interested in modeling the mean yield of the crop as a function of the mixing proportions of the
components used in the manure. For an updated account of mixture models and methods as also
of optimality issues, we refer to a recent monograph by Sinha et al. (2014). In this paper, we assume
that manure is applied to the soil twice before harvesting, once before sowing and then at some
point before harvesting. We propose mixture models to describe the mean yield, which may vary
with time, and optimum designs are derived for the estimation of the model parameters. Since
manure is a mixture of a number of components, we have concentrated on mixture designs.
Examples are given for experiments with two, three and four component mixtures. The study is,
however, quite general, and can be applied to other areas as well, besides agricultural
experimentation.

2 The Problem and Its Perspectives

Suppose the manure applied during sowing of the crop is a g-component mixture with
mixing proportions given by X =(Xi, Xp,..,Xq), Wherex eZ; ={(X}, Xz,.... Xg) [ % 20,

1si3q,_%lxi =1}.At an intermediate point to before harvesting, the growth of the plant is
1=

measured. Let z denote the growth at to. If z > z,, the manure with the same components is applied,

while if z < zy,the manure is enriched with r additional components. Let x® =(x%, x,%..., x®)

eZ;be the composition of the manure applied atto whenz>zy,and x® =(x?,x,?,

X X1 @ X2 X @) €E,  be its composition otherwise, where

q 1 Ag+l
q+r

= @ @ @, @ @y y @ - @
B, =% %7 e X Xt X )X 201<i<q+r, Y Y =13,
i=1

Clearly, the domain of x®is a subset of the domain of x?.

For z > z,, let the mean yield be given by

Mo = H(xO)YBifz2 70,
and
@ = fz(X(Z))'y, ifz < Zg.

We consider the mean yield to be approximated by Scheffé’s linear model:

q
o ZZﬂiXia) ifz >z,
" 2.1)

q+r

@
i=1
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As the manure applied at the time of sowing will be retained in the soil to certain extent at
to, the effects of the old components used in the manure at to will be enhanced. The coefficients of
the mixing proportions of the old components in (2.1), are, therefore, expected to be functions of
X, the mixture applied at time 0. Let us approximate the regression coefficients in (2.1) by linear
functions of x as given below:

q ] q .
Bi ZkZ A X, 1<, 7 =kz SikXk, 1=i<gq, (2.2)
) ]

Then, (2.1) becomes:

9.9
l -
Mxw =y 0 zzzaikxl( X, ifz> Zo, (2.3)
k=1 i=1
b (2 (2)
M@ =My @ :ZZ&IkX Xy +Z7q+u Xg+i 1 if z<z,. (2.4)
k=1 i=1 i

Suppose the experimenter has some idea about the proportion of times the growth of the
plant at to is less than zo, and let it be p. Since the growth depends on the composition of the manure

g
at time O, we take p to be a function of x. Let us assume that p = p(X) = > 4;X;.
i=1

Now, at time to, ideally we use a g-component mixture or a (g+r)-component mixture
depending on the value of z. Essentially, considering the two situations, we are to use a (g+r)-
component mixture. Let us denote the components as X, i=1,2,..,q + r,satisfying

. i q+r . :
X; 201<i<qg+r, Y X; =1. Then, we can write the mean yield
i=1

_(1 p(x))zzalkx Xk T p(X)[ZZ5,kX Xk +27q+| Xq+|]

k=1 i=1 k=1 i=1

q 9 q+r .

=2 2 Hiik Xi Xk+ZZZ Hijk X; X JXk+Z >t XiXg (2.5)
i=1k=1 i=1j=1k=1 i=1k=q+1

i<j
=f'(x,x ), say, XxeEiand x" eZy,
where
/aijk =aik(1—/1j)+5iklj,1Si,j,k£q \

fij = Ay, 1<i<q,q+1< j<q+r

B= (B B s B oees B oos B, B2 0 g )
wiy = (ijr iz s Hiig )s Bi = (i quts i gezoeo Higer )y 1ST< <0 > (2.6)
/(% X7) = (f1(X) ® Xg)', X(2)'®X)
fl(x)':(x12,x%,...,xg,xlxz,x1x3,. 2 Xq q)

X@)'= (X, X200 Xq)s X(2)'= (Xgaa, XQ+2,---' Xq+r)’ J
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and the experimental region is:
. (2.7

It is easy to note that model (2.5) is invariant w.r.t. the components within the sets

(Xs X940y xq), (X1 X2 yenry xq) and (xq+l, X2 e qu).

[1]
[1]

=2, N

Our problem is to find optimum designs for estimating the parameters in (2.5).

3 Optimum Designs for Parameter Estimation

Consider the class 9D of all competing continuous designs, for which all the parameters of
(2.5) are estimable. We want to find a design in 9 that can estimate the parameters with maximum
accuracy.

For a linear model 7, = f'(x)@, a continuous design & is given by

E={x1”,x2, coo oXNTT W1, Wa, ..., WN}, (3.1)

with masseswi , Wz, ... , ww, at the points x2™, x2™, ... ,xn""xi**e E  where wi> 0, Xwi = 1, and
its information matrix is

M(&) = Zwif(xi ) f(xi™)".

Design optimality aims at minimizing some function of M (&), or maximizing some
function of M (&) . For comparing different designs in 9, let us consider the D-optimality and A-
optimality criteria, given by

dp(M(&)) = Infdet (M (&) )]
#a(M (&) =Trace[M (&) ], (3.2)

which are convex in M (&).

Let B: and E; denote, respectively the set of barycentres of =1 and the extreme points, that

is, barycentres of depth 0 of Z». A point X € Z1 is called a barycentre of depth jinZ: (0 <j<g-1)
if j +1 of its components are equal to 1/( j +1) and the remaining components are all equal to zero.

We show that the union of @, and E; are the only possible support points of the D-and A-
optimal designs for estimating the parameters of the model (2.5).To do so, we shall first prove the
following:

Theorem 3.1: For a g-component full quadratic mixture model given by 7, = f(x)'@, where
F(X) = (X X3 s XG Xy X, Xy X v Xq1Xq)s X€EL, and 0= (6hy,....04,615,,0,g .0 1) I8 the vector
of unknown parameters,
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(a) the D-optimal design for parameter estimation has support points at the barycentres of
depth 0 and 1 of =1 each with mass 1/9+1C,,

(b) the A-optimal design has support points at
(i) the barycentres of depth 0 each with mass 1/q, and the barycentres of depth 1, each

with mass 1/9*1C, , for g# 3,

(if) the barycentres of depth 0 each with mass 0.1417, the barycentres of depth 1 each
with mass0.1873 and the barycentre of depth 2 with mass 0.0130 forg= 3.

q

Proof: Because of the natural restriction " x; =1,the full quadratic mixture model can be written
i=1

as

ZHHXI + zeu i
i=1

i<j=1

-3 0- 3+ Soy

i=1 i<j=1

N}

J¢|

:. Ill+zeljlj

i=1 i<j=1
=h(x)'6",

* *

where h(X) = (X, , X5 1res Xq 1 Xy Xo's Xy Xg ey Xq 1 Xq )+ 0 = (611,050, 05, 655 e, 05 1., Oy ), @D

qq’

0,=6;, 6,=0,

I]’

Vi, j=1()q, i < j. (3.3)

From (3.3) it is evident that there is a one-to-one relation between @ and &'. Hence, the
design that is optimal for estimating " will also be optimal for estimatingé.

We note thatz, =h(x)'0" is the quadratic mixture model in the canonical form, due to
Scheffé (1958), and (a) is the D-optimal design for estimating the parameters of the model, while
(b) is the A-optimal design for parameter estimation (cf. Galil and Kiefer, 1977).The theorem
therefore follows.

Theorem 3.2: The support points of the D-optimal (A-optimal) design for estimating the
parameters of the model (2.5) belong to the intersection of @; and E.

The theorem can be proved using the Equivalence Theorem due to Kiefer (1974), which
gives a necessary and sufficient condition for a design to be optimum in the entire class of
competitive designs.In the present set-up, the theorem is given by:

Theorem 3.3 [Equivalence Theorem]: A necessary and sufficient condition for a design &2
to be D-optimal (A-optimal) for estimating the parameters of the model (2.5) is that
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f(x,XYMHE) F(x,X) s(qﬁ(qﬂ)((f (X, X YM2(E) F(x,x") <Trace{M (&)}

for all (x, X") €Z., and equality holds at the support points of &,

* * * * 1
Proof of Theorem 3.2: Consider d(x,x )= f(x,x )M _1(5 ) F(X, X )—(q; ](q+r). For

given x*, d(x, X" is a fourth degree polynomial in x. Hence it can have atmost 3 maximal points
with respect to each component of x, namely at the two extremes and one in-between. . Since

d(x,X") is invariant w.r.t. the components of x, the maximizing points will also be invariant w.r.t.

the components of x, that is, they will be at the barycentres of =. Again, for given x, d(x, x*) isa
quadratic convex function in x, since M (&) is positive definite. Hence it can have atmost 2 maximal
points with respect to each component of x, namely at the two extremes. Thus, d(x,x ) is

maximized at the extremes points of Z,. Similar arguments confirm the support points of an A-
optimal design.

For given X", 1N, x 18 @ quadratic, invariant function in x, while for given x,7, - is a linear

function in x™. We know that for a quadratic response function the D-optimal design for parameter
estimation has its support points at the barycentres of depth 0 and 1 of the simplex, and in a first
degree model its support points are at the extreme points of the simplex. So, keeping in mind that
the model (2.5) is invariant w.rt. the components within the sets

(X, X reees X )s (X 4 X2 1000 X )y (Xqs1, X200 Xqer ) We first consider the subclass of designs 9
within 9, with support points and masses as follows:

i. (10..010.,..0,0,0,..,0) and permutations respectively within the components of x and
—_— ————
X X@) X@)
within those of x(1), each with mass wy;
. (1/21/2,..,0;10.,...,0,0,0,...,0) and permutations respectively within the components of x
—_— ) —
X X X2)
and within those of Xx(1), each with mass wy;
. (10,...,0,0,0,...,01,0,...,0) and permutations respectively within the components of x and
Y ——
X X X

within those of x(2), each with mass ws;
wherew; >0, 0<i <4, q>w, +qC(q,2)W, +qrws =1.

It may be noted that the above design is a saturated design, that is, it as many design points
as there are unknown parameters. The parameters ik for 1 < i, k < g are estimated with the help

of the design points in (i), while the parameters uiT(,for 1<i<q, g+l <k < g+r, are estimated

with the help of the points in (iii). Once the parameters ik for 1 < i, k < q are estimated, the
parameters s, 1<i, j,k <q, i <], can be estimated with the help of the points in (ii). (See Sinha
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et al. (2010) for a better understanding of the aspect of estimability of model parameters based on
a saturated design.)

The information matrix of any design £e9; is given by

M (&) = XAX',
where
_ L - 1 -
qu 2 A®1, |0 I 2 A 0
1 1 B 0
X=0 Z |qc(q’2) 0(=|0 Z IC(q,Z) 0 |® |q = |:O | :|® |q, say, (34)
r
0 0 g 0 0 I
A= Dlag (W1|q2 ’WZIQC(q,2)7W3I rq) = Dlag (WlIQ’WZIC(q,Z)’W3II’) ® Iq, (35)
g-lelements g-2elements Lelement .
11..1 00..00 .. O I ZA
A=[10..011.10 .. 0 |B= 4
0 L |
4
00.100.10 .. 1 | (36)

Since the above design is a saturated one, the optimal allocation of the masses under the D-
optimality criterion would be
1

= : (3.7)
gC(q+12)+r]

W1:W2:W3

Theorem 3.4: The D-optimal design in 2 is D-optimal in 2.

Proof: Let be the D-optimal design in D1.From (3.4)-(3.6), we can write the information matrix
of the D-optimal design & in D1 as

(1/q—rws)BA (B 0

M(é:O): ®|q’

Wl r

1

A WiO 1
qiC(q+12)+r]’

T C(q+12)’

where Wy, = @ = Diag(Wyolq, Waolc(g,2)): Wio =7

— - MW
i =12, qwyp+C(0,2)Wyq =1.
BA?l)B'is the information matrix of the D-optimal design &g for estimating the C(q+1,2)

parameters of a g-component full quadratic mixture model, 7, = f,(x)'@, where f;(x)is givenin
(2.6), and &y is given by Theorem 3.1. Hence, by Equivalence Theorem of Kiefer (1974),
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f(X)(BAB) L f(x) <C(q+12), forall xeE,

with equality holding at the support points.

Now, l.h.s. —r.h.s. of (3.3) gives

£, X )M HE)F(x,x")=q[C(q+1,2) + ]

1 , * ro_ * ! * 1 * ! * ,
=3 f1(X)'(BAwB )™ f1(X)x Xy X X () X X XX q[C(q+12) +r]
— - Wy 30

q

<q[C(q+12) +rl[Xq Xq) + X(2) X(2) X X% <0,

since the maximum value of x’xis 1, and because of the restrictions 0 < xi* <1i=11)(q+r)and
q+r *

> X =1, we have

i=1

* ! * * ! * B q *2 q+r *2 q 2 q * 2 q+r * 2 q * q+r *
X X@) + X@) X2 XXX = 2%+ X% x X <(Xx) +( X %) <1-2(2% ) X )<L
i=1 i=g+1 i=1 i=1 i=g+1 i=1 i=g+1

Further, at each of the support points of 5*, fl(x)’(BA’El)B')‘lfl(x):C(q+1,2)and

X1y X(1) + X(2) X(2) X XX =1, 50 that equality in (3.3) holds.

To get the A-optimal design, we note that for a quadratic response function in a s —
component mixture experiment the optimal design for parameter estimation has its support points
at the barycentres of depth 0 and 1 of the simplex for s = 3, and at the barycentres of depth 0, 1
and 2 for s = 3 (cf. Galil and Kiefer, 1977). On the other hand, in a first degree model its support
points are at the extreme points of the simplex. We therefore, initially confine our search within
the subclass 91 of D for q = 3, and within the subclass 9, of D for g = 3, where a typical design in
P> has the support points (i) — (iv) of designs in 9:and the support points

iv. (1/31/31/3;1,0,0,0,0,...,0) and permutations within the components of x1), each with mass
(1) (2)

W4y,

wherew; >0, 0<i <4, 9w; +9w, + 3rwg + 3w, =1.,0r 3wy + 3wy + rwg + W, =%. (3.4)

Proceeding as before, it is easy to check that for any design &e D1,
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' -1
@/g- rwg)BA(l)B 0

-1
Trace [M(&) "] =Trace ®lg
0 wsl,
(BA..B)? 2
=(QTrace ® + ' ,

d/q-rwg)  rws

where A ;) = Diag (wflq,wZIc(q’Z)), Wi* =7 Wi , 1=12, qwf +C(q,2)w§ =1
o ™

BAZB’ gives the information matrix of a design & for estimating the parameters of a full quadratic

response function for a g-component mixture, with support points at the barycentres of depth 0
and 1 of the simplex and mass w;" for each barycentre of depth 0 and w," for each barycentre of

depth 1. From Theorem 3.1, ¢ is the A-optimal design whenwl*:wlo*:llq, and

W2 = W20 = l/q+1C2 .

Let, A={T race(BA’iB')_1 |WiO,Wij0}. By Cauchy-Schwartz inequality,

TraCE[M(é)‘llz{ a +qr2}zqwﬂ+rﬁ)2,

1-rgws; rgqwy

. : : 1 rvJq 1
with equality holding at wg = —x =
rq JgA+rygqg q(~vA+r)

Hence the optimal mass allocation is w; = Wy, i =1(1)4, where w,q = wig [1 — Wy, i =12,
q

= W30, Say

For g = 3, the information matrix of any design & € 9> is given by

M (&) = XAX,
where
] . . ]
s M 3k 0 wls 0 0 0 1o
1 1 0 wyl3 0 0
X={0 =13 Z1; 0|®Is, A= ®lg, M =10 1|
4 9 0 0 wyly 0
011
0 0 0 I 0 0 0 wl,

Trace(XAX') 1o J[Trace(TA,T ’)‘1 + L], (3.5)
W3
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I %Ml %1_ wil3 0 0 . wpl3 00
WhereT = l y A]_: 0 W2|3 0 .:(g'Ws) O W2 |3 0 o
0 =1, 51- 0 0 w, 0 0 W4*
Wi* zli, i=124, WI-i—W;-i—WZ =1(from (3.4)). Hence,
37

wl; 0 0
,whereA7=| 0 w, I3 0

0 0 wyl,

3Trace(TA;T') L3

Trace(XA, X N1=3
1-3w; 3wj

TAZT’ is the information matrix of a design & for estimating the parameters of a 3-component full

quadratic mixture model, with support points at the barycentres of depth 0, 1 and 2 and mass w1
for each barycentre of depth 0 w2~ for each barycentre of depth 1 and ws” for barycentre of depth

2. From Theorem 3.1, &is the A-optimal design when Wl* = Wlo* =0.1417, WZ* = Wzo* =0.1873
and W, =Wy, =0.0130. (Cf. Galil and Kiefer, 1977).

Let,
A=Trace((TA;T) ! lwow, i=1,2,43S8Y-

By Cauchy-Schwartz inequality,

Trace(XA,X) 1 >3 SA L 30 S (VBA 4B,
1-3w; 3wy

l[i]zw say
3 A S

Hence the optimal mass allocation is w; = Wiy, i =1(1)4, where wi, = wig [% —Wgol,1=1,2,4,

with equality holding at wj =

As algebraic derivation is rather tedious, we have numerically checked, using several
points in the domain (2.7), that the conditions of the Equivalence Theorem are satisfied by the
above designs. The following table gives the A-optimal designs for some combinations of (q,r ).

Table 3.1: The A-optimal designs for parameter estimation for some combinations of (q,r)
r W1 W2 W3 W4

0.0984 | 0.1761 | 0.1271 -
0.0447 | 0.0591 | 0.0177 | 0.0041
0.0437 | 0.0578 | 0.0246 | 0.0040
0.0134 | 0.0174 | 0.0458 -

A WWN
NN -




2019] OPTIMUM REPEATED MEASUREMENT MIXTURE DESIGNS 51

4 Concluding Remarks

The paper studies a very realistic situation observed in agricultural fields. Manure is used
to make the soil fertile. For some crops it is added more than once to the soil at intermediate time
points before harvesting. However, if a crop does not show satisfactory growth, the farmers may
improve upon the manure by adding some new ingredients. This is done because good growth of
crop is expected to result in good yield. In our study we treat manure as a mixture and suggest
optimum designs for estimating the parameters of the yield function. While the D-optimal design
is a saturated design, the A-optimal design needs one extra point, namely the overall centroid point,
when there are three components in the manure used during sowing of the crop. However, the mass
at the overall centroid point is pretty low (vide Table 3.1) so that it may be ignored unless the
experiment is conducted for a large number of runs.
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