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Abstract

In discrete choice experiments, a choice design involves n attributes (factors) with i-th at-
tribute at /; levels, and there are N choice sets each of size m. Demirkale, Donovan and Street
(2013) considered the setup of symmetric factorials (/; = ) and obtained D-optimal choice designs
under main effects model in the absence of two or higher order interaction effects. They provide
some sufficient conditions for a design to be D-optimal. In this paper, we first derive a modified
Information matrix of a choice design for estimating the factorial effects of a {; X I X --- X [,
choice experiment. For a 2" choice experiment, following Singh, Chai and Das (2015), under the
broader main effects model (both in the presence and in the absence of two-factor interactions)
we give a simple necessary and sufficient condition for the Information matrix to be diagonal.
Furthermore, we characterize the structure of the choice sets which gives maximum trace of the
Information matrix. Our characterization of such an Information matrix facilitates construction
of universally optimal choice designs for estimating main effects, both in the presence and in the
absence of two-factor interactions but, in the absence of three or higher order interaction effects.

Key words: Choice sets; Choice design; Factorial design; Resolution; Main effects; Hadamard
matrix.

1 Introduction

Discrete choice experiments are widely used in various areas including marketing, transport,
environmental resource economics and public welfare analysis. A choice experiment consists
of a number of choice sets, each containing several options (alternatives, profiles or treatment
combinations). Respondents are shown each choice set in turn and are asked which option they
prefer, as per their perceived utility, in each of the choice sets presented. Each option in a choice set
is described by a set of attributes (factors), each with some number of levels. We assume that there
are no repeated options in a choice set. We describe the options which are being compared, by n
attributes with ¢-th attribute at [; levels (I; > 2), and that all the choice setsin a l; X[y X - - - X[, choice
experiment have m options. It is ensured that respondents choose one of the options in each choice

Corresponding Author: Ashish Das
E-mail: ashishdas.das@gmail.com



86 CHAI ET AL. [Vol. 17, No. 1

set (termed forced choice experiment in the literature). A choice design is a collection of choice
sets employed in a choice experiment. A choice design comprises N such choice sets. Recently,
Gromann and Schwabe (2015) present a review of designs for discrete choice experiments.

Earlier, Street and Burgess (2007) presented a comprehensive exposition of designs for
choice experiments under multinomial logit (MNL) model. MNL model specifies the probabil-
ity that an individual will choose one of the m alternatives, say s;, from a choice set S (say). The
probability is given as the exponential of the expected utility of that alternative s;, divided by the
sum of all the exponentiated expected utilities. Mathematically,

eVi

—=m v
Zj:l €’
where V; is the utility measure represented by the treatment combination effect fora [y x Iy X - - - X[,

factorial. For more detailed discussion on MNL model and choice experiments, see Train (2009)
and Street and Burgess (2007).

P(si]S) = (1.1)

Demirkale, Donovan and Street (2013) considered the setup of symmetric factorials (I; = [)
and obtained D-optimal choice designs under main effects in the absence of two or higher order
interaction effects. They provide some sufficient conditions for a designs to be D-optimal.

In this paper, we first derive a modified Information matrix of a choice design for estimating
the factorial effects. Such a modification is fundamental to the study of optimal choice designs
since the modification provides the desired additive property to the Information matrix. It over-
comes the existing shortcoming of situations where with addition of a choice set the information
content of the design decreases. For a 2" choice experiment, under the broader main effects model
(both in the presence and in the absence of two-factor interactions) we give a simple necessary and
sufficient condition for the Information matrix to be diagonal. Furthermore, we characterize the
structure of the choice sets which gives maximum ¢race of the Information matrix. Our character-
ization of such an Information matrix facilitates construction of universally optimal choice designs
giving more flexibility for choosing m. Finally, we provide universally optimal choice designs
(optimal in the class of all designs with given N, n and m) for estimating main effects, both in the
presence and in the absence of two-factor interactions but, in the absence of three or higher order
interaction effects.

2 Information Matrix

In choice experiment we deal with multiple independent populations which have common
parameters. In a choice experiment, each choice set represent a different population. We call
this set of populations as associated populations. When sampling from such associated popula-
tions, Bradley and Gart (1962) have presented related assumptions and asymptotic properties of
the ML estimators. Under these assumptions, EI-Helbawy and Bradley (1978) have derived large
sample results for paired choice experiments when each choice item is coming from a factorial
setup. Later Street and Burgess (2007)generalized the setup for choice set size m and obtained the
Information matrix on similar lines. It is seen that their Information matrix is derived using the
averaging principle leading to situations where adding more choice sets to a design leads to infor-
mation matrix with less information content than the information matrix of the original design. In
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what follows, we adopt an approach different from Bradley and Gart (1962) and EI-Helbawy and
Bradley (1978). We derive a slightly modified Information matrix of a choice design for estimating
the factorial effects. Such a modification gives the Information matrix the desired additive prop-
erty. Our approach addresses a possible lacuna in the current non-additive form of the Information
matrix.

Let X; be a random variable over the region R;, independent of 6 = (61,6,,...,6;), an
unknown parameter vector lying on a k-dimensional interval 2. Furthermore let f;(x;;0), i =
1,2,...,n"; be the pdf or pmf of X; from n* different associated populations. It is not necessary

that each f; depends on all 0y,6,,...,0;. Let X; = (X, X, ... Xini) be a random sample of

19

size n;, from f;. Then the likelihood function corresponding to it is
L;= Hfz i;0) = £(X;;0). 2.1)

According to Fisher (for more details see Rao (1973)), the Information contained in the sample X;
is denoted by the information matrix Z; = ((Z;(rs)(6)))rxk» Where

Olnf;0Inf; Olnf; dlInf;
Tiirey(6) = / AT ( e e ) 2.2)
R;

20, 00, 00, 00,
is non-negative definite.

Now if we take random sample X; of size n;, from each of the n* associated populations f;,

then the likelihood function of # for all the samples X, Xs, ..., X,«; can be written as
L=]]8X:0). (2.3)
=1
We define the information for ¢ contained in all the samples X, X, . .., X,+; from n* associated

populations by the Information matrix Z = ((Z,5(0)))gxr With

0) = Ty (0), (2.4)
=1

which is also non-negative definite.

We now derive the expression for the information matrix of a choice design with choice set
n

size m. Consider a [; X [, X --- X [, choice experiment with [, = H l;. Let the L treatments
i=1

in the choice experiment be denoted by 77,15, ..., Ty where, T; = (i1ig...0p .. . lg...0pn), 0 =

0,1,...,L,—L;r=1,2,...,n;is a typical treatment combination In order to ensure that 7;’s are

arranged in a lexicographic order, let i = 4 H li + 19 H li+--+in_1l, +1i, + 1. In other words,

1 1s the lexicographic order number of the treatment combmatlon T;.

Let r; = €' be the parameter associated to the treatment 7;. Our aim is to find the informa-
tion matrix of certain parametric contrasts involving the parameters V;, 7 = 1,2,..., L. A choice
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set of size m is denoted by S,,, = (T},,T},, - - ., 1}, ), where no two j;’s are equal. For a choice set
Sm, werepresent (15, > {T},,T},,...,T},,}) tomean T}, is chosenoverT;,, ..., T, . T;.., ..., T},

by the respondent.

Consider an experiment in which there are NV choice sets of size m. We define a set A; as

Ay ={01, 72, -, Jm) 11f (T5,,T},, ..., T;, ) is a choice set in the experiment} .

Let us consider an indicator function N; ;, ;. as
N. . . = L if (j17j27--'ajm)€At
Szl 0 lf (j17j27 e a]m) §é At-

Therefore,
N = Z Nijijs.jm- (2.5)

J1<j2 < <jm
For any (j1, j2, - - -, Jm) € Az, we can write from (1.1) that

P(Ty, > {1 T, T3,}) = s — 2.6)
> i1 Ty
fori =1,2,...,m. Let, 7 = (my, mo,...,n)". Here each choice set (7},,T},, ..., 1}, ) represent
an associate population with parameters 7, , 7;,, . . . , 7;,,. Therefore, the pmf f; ;, ;. of the multi-
nomial random variable (z;,, %j,, ..., x;, ) corresponding to the choice set (1},,7},,...,T},.), is
K T T3
Fiviooim @ T i) = [ ] (m—J> : (2.7)
i1 > i1 Ty
where for i = 1,2,...,m, we define z;, = 1if (1}, > {1},,1},,...,1},}); and O otherwise.
To be more precise x;, can be written as :cgf 1250002 m), but for notational convenience we retain the

m
notation z;, corresponding to the choice set (7},,7,,...,7},, ). Note that Z xj, = 1. Therefore

i=1
from equation (2.3), the likelihood function can be written as
L
L= H {fj1j2~--jm('rj17xj27 c. ,.ij;ﬂ')} Iz dm (28)
J1<je<-<im
Let V = (Vi,Va,..., V) be the vector of treatment effects that the researcher can capture
for a l; X Iy X .-+ X [, choice experiment. Furthermore, let A = ((\y)) be a L x L matrix

representing the information matrix of V. Then, since V; = In 7, it follows from (2.2) and (2.4)
that

L
Al = Z lejz...ij [ fJ”?“']m f31]2---]m:|

o A oV, oV,
11<)2<-<Jm
L
o fiig. g 010 f1j5 i
= > lejz,,,ij{ - o TRy (2.9)

J1<j2<<Jm
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It is clear from (2.9) that if (k, [) does not belong to any element of A;, then

At = 0. (2.10)
From (2.7) we note that (z;,,%j,,...,%j,) is a multinomial random variable with parameters
T i=1,2,...,mand E(z;) = B(a?) = —2—1i = 1,2,...,m. Also, from (2.7),

Zyil T3, i ZZ’;I T3,

we get
(1 jovnin (T oy 2,5 m) = D, In(m,) — In <Z 7%) :
i=1 i=1

and therefore,

ALY E RS O . R

aﬂ-ji T3, Zi:l Tjs

If (k,1) belongs to an element (j1, jo, - . - , jm) Of Ay, then from (2.9), both the partial deriva-
tives are non-zero for the choice sets (7},,7},,...,7}, ), which contains 7} and 7; as options.
Thus, without loss of generality, when (k,l) = (ji, j2) such that (ji, jo,...,jm) € A;, we have
Akl = Aj,j, which is

- i N . E[(@_;><@_;):|ﬂ'7r
J1j2--Jm T Z;il T, Tjy ZZI ), 71192

J3<ja<-<jm

L
T T €T T 1
_ o jitis J1 2 .
= E : Njijoojm { + ™ )2} Tj1 T ja

m - m
J3<ja<-<jm Ty T ja Ty Zi:l T gy Zz’:l Ty (Zi:l T3

= i Nirja...jm {O— (Zml 7 (Zml B + (Zml )2:| Tj T

j3<j4<"'<jm =1 7.‘—.]1 =1 7T.71 =1 ﬂ-.]l

L
T, T4
- > lejQ...ij- (2.11)

T
J3<ja<<jm i=1"Ji

Also, when k£ = [ = 71, Agp = Aj,;, which is

2
S — ﬂ', 71—‘
m J1n
i Zz’:l Ty

J1J1

= Z Nj1j2---ij

J2<js<-<im

2
— N gt 2, + 1 g
- J1J2---Jm 71'2 - Zm T (zm 7_‘_‘)2 T T

1 2 1
2 M | T T S | T
T 222 Tjs

. T,
Jo<ja<r<jm i=1"Ji
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Therefore, in terms of 7;’s, A can be rewritten as

( L m
Z N . ﬂ-jl (Zi:Q Tr]i) lf kf — l — ]'1

J1j2---Jm m \2
J2<j3<<jm (Zizl 7%)

Al = L — (2.13)
- Z Njg;..%ﬁ if k=j1.0=72
J3<ja<<Jm =1 "Ji
L 0 otherwise.
Since P(1}, > {1},,1},,...,1},.}) = Z’:—jﬁ is not dependent on parameter scale, we
i=1"Ji

assume a convenient scale determining constraint

L
d vi=o. (2.14)
=1
Let
B
- (1)

be a partition of the orthonormal contrast matrix of order (L —1) x L, with p+¢ = L—1. Here, our
interest lies in finding the information matrix of ©, = B(,)V, while ©¢ = B,V are the nuisance
parameters. Now, with

B
Bl = ( B ) : (2.16)

q2)
the nuisance parameters © can be partitioned as ©y = (Of, ©;,)" where Oy, = B(,)V, Oy, =
B(4,)V and ¢; + g2 = ¢. Under the assumption
0, = Bigy)V = 0. (2.17)

and with
B
Blpia) = () ) (2.18)
(+a) ( B(Ql)

we first find the information matrix of © = B(,14,)V, where © = (0} 0 )", 01 = (01,0,...,6,)
and @01 = (6p+1, 9p+27 e 76p+q1),'

Let [, denote an identity matrix of order p. Also, let G' = [L_% 1 BEerql) ngz)] , where 1 is

a column vector of all ones. Then G is an orthogonal matrix of order L x L, and GG’ = G'G = I},
Therefore,
11’ ,

Bipta Boran) = 11 = = = Blyy) Blan)- (2.19)
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Now, since © = B, ,)V, using (2.14), (2.17) and (2.19), we have

9 B p+q1)B(p+q1)V

P+¢I1
/ -,
= Bipran® = — 7 = By BV
— Bl 0=LV-=V. (2.20)

Let Bpyq) = ((bryry)). Also, let the (p+ ¢1) X (p+ ¢1) information matrix of © be denoted
by Cipigy = ((¢rs)). Then from (2.2) and (2.4), and using (2.20), we have

L
dln f'l j2.--Jm Oln f’l j2.--Jm
S S T (LY PRT A

J1<g2<-<Jm

L
Inf. . Olnfo.

k ]1<]2< <]m
L
k

3
Y

)\klbrkbsl

= B(p+q1)AB(p+ql). 2.21)

Thus, the partitioned form of the information matrix of © is

B, AB/ B, AB/
Clpray = [ (®) A2 (p) (®) A2 (q1) : (2.22)
{rra} B(ql)ABEp) B(Ql)ABEm)
and the information matrix of ©1 is

Cipy = Bp)AB(y) — By AB{g, [Bign)AB(g,)]” By ABy), (2.23)

where B, AB(, and B, AB(, \[B,)AB(,,)]” B(q,)AB(,) are both non-negative definite matrices
and Y~ represents a g-inverse of Y. Furthermore, the second term does not arise if ¢; = 0. For
notational convenience we denote Cy,, by C. A choice design for estimating ©; is said to be
connected if rank(C) = p. We restrict ourselves to the class of all connected designs. When a

design is connected, it ensures the estimability of ©;. In general O, is estimable if and only if
rank(C) = p.

Following the concept of Resolution (see e.g., Dey and Mukerjee 1999) in fractional factorial
plans, we define Resolution ( f,¢) choice designs as ones which ensure estimability of the complete
sets of contrasts belonging to factorial effects involving at most f factors under the absence of
factorial effects involving ¢ 4+ 1 or more factors (1 < f < ¢ < n —1). Thus, the information matrix
of ©; = B,V under a Resolution ( f, ) model setup (henceforth called R(f, t) model) is

where By is the contrast matrix corresponding to the complete set of factorial effects involving at
most f factors and B is the contrast matrix corresponding to the complete set of factorial effects
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involving more than f factors but less than ¢ + 1 factors. Furthermore, the second term does not
arise if f = ¢. Thus, under the usual nomenclature, in what follows we consider the model R(1, 2)
corresponding to Resolution (1, 2) choice designs, i.e, designs which ensure estimability of all the
main effects under the absence of three or higher order interaction effects. We also consider the
main effects model R(1,1).

3 C-matrix under R(1,2) and R(1,1)

For the purpose of optimal choice design, as in the literature, we assume that the options are
equally attractive i.e., m = Mo = - - - = 7, (= T, say).

Then from (2.13), A turns out to be

(

m— 1 . :
m2 Z Nijijs-.jm if k=1=n

J2<js<-<jm

Al = 1 (3.1)
_ﬁ Z N]l]Q -Jm lf k:j17l :j2
J3<ja<-<jm
L 0 otherwise,
Let MUt2-m) — ((m,,)) be a L x L matrix corresponding to a choice set (T},, T, - - -, T},.)
where
m—1 if S:t,tE{jl,jQ,...,jm}
Mg = -1 if S;’ét,(s,t)é{jl,jg,...,jm}
0 otherwise.
Then for any choice experiment with N choice sets, we can write
1 L
A - W . Z ) N]l]? JmM(]ljzmjm)' (32)
J1<72<<Jm
We can consider the matrix M (J172:-3m) a5 the contribution of the choice set (Ty,, T}y, ..., Tj,) to
A. The definition of M 7192-+9m) suggests that we can write
Mgz dm) Z N Grdnr) (3.3)
Jr <yt
where, j., j» € {j1, ja, - - -, jm}. This means, the contribution of the choice set (7},,Tj,, ..., 1},.)

to the A is equal to the sum of the individual contributions of the <7;1) different component pairs

that it contains. Therefore, A corresponding to choice sets of size m can be translated in terms of
A corresponding to component pairs.
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We now concentrate on 2" choice experiments ([; = 2,7 = 1,2,...,n) under the models
R(1,2)and R(1,1). With By (henceforth denoted as B) being the n x 2" matrix of £1s with rows
representing the orthogonal contrast vectors corresponding to the n main effects and B, being the

(2> x 2" matrix of +1s with rows representing the orthogonal contrast vectors corresponding to

the (Z) two-factor interaction effects, from (2.24),(3.2) and (3.3), the C-matrix, C' = ((cug)), for

estimating the main effects under the models R(1,2) and R(1, 1) are, respectively,
2"C = BAB' — BABy[ByABy)] B AB, (3.4)

and
2"C' = BAB'. 3.5

Singh, Chai and Das (2015) obtained the information matrix under a broader main effects model,
which is same as model R(1, 2) described here. Also, from (3.2), (3.3) and (3.5), we can express
BAB' as

1 L
BAB = B (ﬁ Z lejz---ij(h]Qm]m)> B’
J1<j2<<Jjm

- i Z Nitja.ojm {BM(jlf2-~~Jm)B/}

m? ,
J1<92<<Jm

1 o
= — > Nup. (B D MU B (3.6)
m

J1<j2<<Jm Jr<jpt

4 Characterization of C-matrix under R(1,2) and R(1,1)

In what follows, we find conditions under which the C'-matrix has off-diagonal elements
zero. First we have the following Lemma due to Manna and Das (2016).

Lemmad.1. Let By, = (Tp1, ..., Thjyy - Thy s - - - Thon) ARd By, = (Tp1, -0 Thgo ooy Thj s - o

Tyon) be row vectors with 2" real elements. Then for a given component pair (T}, ,T; ,), the value
NS

of BuMY ) By = (wn, — wny, ) (whg, — g, )-

From Lemma 4.1, it follows that for a component pair (Tj,,T} , ), the possible realized values
of B, MUr3+) B are:

(P If 2, = ay;, or/and x4, = x4, ,, then B, M) B} = 0. 4.1)
(P2) If z3,j, = —p;, = £1 and zyj, = —xy;, = £1, then B, M) B; = 4. (4.2)

(P3) If zy,j, = —ap;, = £1 and zyj, = —x;, = F1, then B,M U B = —4. (4.3)
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Let fi, fo,..., fn be the factors corresponding to the 2" choice experiment with treatment
combination T; = (i142 .. .4 ...1,),%, = 0,1;7 = 1,2,...,n. Let F}, represents the h-th factorial

effect. Thus for h = 1,...,n, Fj, represent the main effects and forh =n+1,....,n+ (Z), Fy
represent the two-factor interaction effects. For h = 1, ..., n, we define the h-th positional value
of F}, corresponding to the treatment 7; as 7j,. Similarly, forh =n+1,... ,n+ <Z) , we define the

h-th positional value of F}, corresponding to the treatment 7; as 4, + 4,» (mod 2) (= ¢y, say) where
F, is the two factor interaction effect corresponding to the factors f, and f,,, 1 < r < 7’ < n.
Here one can use the combinatorial number system to have the correspondence between natural

numbersh =n-+1,...,n+ (Z) , and the 2-combinations (r,7"). For h # k; (h, k) € {1,...,n},

the h-th and k-th positional value of the treatment 7 is denoted by (iy,ix )i and for the component
pair (T;,T}), the h-th and k-th positional value is denoted by (inik, jnjk)nk- Similarly, for h #

ky(h,k) € {n+1,...,n+ Z) }, the h-th and k-th positional value of the treatment 7; is denoted
by (iyi; )k and for the component pair (T;,T;), the h-th and k-th positional value is denoted by
(i51%, jrjr)nk- Finally, for h € {1,...,n}and k € {n+1,...,n + (Z) }, the h-th and k-th
positional value of the treatment 7; is denoted by (i}, ), and for the component pair (T;,T;), the

h-th and k-th positional value is denoted by (477, JnJr ) hk-

The following Lemma on lines similar to Manna and Das (2016) provides a converse result
of Lemma 4.1 in the sense that it establishes possible component pairs (T;,T}) that gives rise to
specific values of B, M B,

Lemma 4.2. Given that the h-th row (h =1,2,...,n)of B is
By == (11)@ (=1 1)@y (1 1), (4.4)

and the h-throw (h=n+1,...,n+ (Z))ofB(g) is

By=® (1 )@ (-1 D@4 (1 )@ (-1 1)@, (1 1), (4.5)

the exhaustive cases leading to possible values of By M (@ )B,; and its associated component pairs
(T;,T;), are

e Casel: h#k,(h,k)e{1,...,n}

a) ByM ") B = —4 when (iyix, jnjr)nx = (01,10)4,
b) ByM“) B; = 4 when (iik, jnjk)ne = (00, 11)
c) Bh]w(”)B;C = 0 for all other situations.

e Case2: he{l,....n},ke{n+1,...,n+ (Z)}

)

a) By M) B}, = 4 when (ini}, jnji)me = (0 1

b) B,M @Bl = —4d when (iniy, jnjy )k
¢) B,M" B} = 0 for all other situations.
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o Case 3 h# K, (k)€ {n+1,. .0+ (Z)}

a) ByM ") B = —4 when (iyiy, jrjr)ne = (01,10)p,
b) ByM ") B; = 4 when (ijir, jrjr)ne = (00, 11),
¢) ByM" B, = 0 for all other situations.

Proof. Let By, = (l‘hl, oo s Thgpy oo o3 Thjse e ,l‘hgn) and By, = ($k1, oy Ly ey Thig gy - - - ,{L‘kgn).
Note that MU7+) js a 2" x 2" matrix with all elements 0 except M J(f;fr') = M;ijjj’) = 1 and
M) = M) = 1. Then

j’rjr/ ]T/j’r‘
ByMUri Bl = (0,....(znj, — Tnj))s o, —(Tnj, — Tnj,),...,0) By,
= (Tnj, — Thj, ) Tj. — (Tnj, — Thj, ) Thj,
= (Thj, — Tnj, ) (Thj, — Tj,,)- (4.6)

From (4.4), (4.5) and the fact that 7;’s are arranged in a lexicographic order, for any treatment
combination 7},

xp; = —1,11f and only if j, = 0, 1 respectively (h = 1,...,n), and

xp; = —1,1if and only if j; = 1,0 respectively (h =n+1,...,n+ <Z> ).
The proof then follows from (4.6). U

With F}, and F}, being any two effects, we now define two quantities N, and NN, as follows:

e N, = Total number of component pairs of the type (00, 11); corresponding to h-th and
k-th positional values across all (2) possible pairs of a choice set of size m and among all

such sets in the choice design.

e N,, = Total number of component pairs of the type (01,10);; corresponding to h-th and
k-th positional values across all (2) possible pairs of a choice set of size m and among all

such sets in the choice design.

Lemma 4.3. For h # k,(h,k) € {1,...,n}, the (h,k)-th element of BAB' will be zero if and
only if N = N,

Proof. The proof follows from (3.6) and Lemma 4.2 on noting the contribution towards the (h, k)-
th element of BAB’ by N choice sets through its (T;) possible component pairs. The Case 1 of

Lemma 4.2 leads to

e N, = Total number of component pairs falling under Case 1a.

e N =Total number of component pairs falling under Case 1b.
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e N — (N + N,,) = Total number of choice pairs falling under Case Ic.

Let ¢}, denote the (h, k)-th element of m? BAB'. Then, it follows from (3.6) and Case 1 of
Lemma 4.2 that

G = > Nipjn > {BuMYIB}

j1<j2<“'<j7n j7'<jr/

= {(AN}, —4N,,) +O(N — (N5 + N )}

Thus ¢, = 0 if and only if N, = N,. O

Lemmad4d4. Forh € {1,...,n},ke{n+1,...,n+ (Z) }, the (h, k)-th element of BAB/,) will
be zero if and only if N}, = N,,.

Proof. The proof follows on lines similar to Lemma 4.3, since

1 o
BABy) = oo > Nipgu B D MU By b (4.7)

jl <j2<"'<jm, jr<j,,J
The Case 2 of Lemma 4.2 leads to

e N, = Total number of component pairs falling under Case 2a.
e N =Total number of component pairs falling under Case 2b.

e N — (N, + N,,) = Total number of choice pairs falling under Case 2c.

Let ¢}, denote the (h, k)-th element of m2BABE2). Then, it follows from (4.7) and Case 2 of
Lemma 4.2 that

G = D> Nipjn > {BuMYUIIBY

J1<j2<<Jm Jr<Jpt
= {(—4AN;, +4N,) + O(N — (N} + N -
Thus ¢}, = 0 if and only if N}, = N,,. O

Theorem 4.5. For h # k,(h,k) € {1,...,n}, under the model R(1,1), the (h, k)-th element of
C-matrix will be zero if and only if N}, = N,,. Furthermore, for h # k,(h,k) € {1,...,n},
under the model R(1,2), the (h, k)-th element of C-matrix will be zero, if additionally, BABy is

a null matrix, i.e., N\, = Ny, forh € {1,....n},K € {n+1,... ,n+ (Z) 3
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Proof. The proof follows from (3.4), (3.5), Lemma 4.3 and Lemma 4.4. ]
We will now find the contribution of each choice set .S,,, of size m to the diagonal positions

of m*BAB'.

Lemma 4.6. Every component pair adds a value 4 in the (h, h)-th element of the m* BAB', if and

only if the pair has a change of level at the h-th position of its treatment combinations.

Proof. Every component pair (1}, T} ,) is adding a value B, M Uri) B! at ¢, . From (P2) in (4.2)
it follows that this value will be 4 if and only if there is a change of level in the h-th position of the
component pair. O

Let n, € {0,1,2,...,m} be the number of treatment combinations which have zero at the
h-th position in the choice set \S,,,.
Lemma 4.7. Every S,, adds a value 4n;,(m — ny,) to the (h, h)-th element of m* BAB'.
Proof. Lemma 4.6 says that every component pair adds a value 4 to ¢}, if and only if the pair
has a change of level at the h-th position of its treatment combinations. There are a total of

m . o .
(2) component pairs possible from S,,. The contribution of S, to ¢}, is same as the sum of

contributions of all the 5 component pairs corresponding to .S,,. Now there are n;, treatment

combinations in .S, which have a 0 at the h-th position. We call this subset as A. Therefore the set
A contains all treatment combinations which have a 1 at the h-th position. Every component pair
which have one treatment from A and another treatment from A, adds a value 4 to ¢}, . There are
a total of ny(m — ny,) such pairs and they all together add a value 4n;,(m — ny) to ¢}, O

Corollary 4.8. Every S,, adds a 4 Z nyn(m — ny,) value to the trace(m* BAB').
h=1

We will now find out the expression of trace(m*BAB’) when there are N choice sets. For
this purpose we will use the following notations.

® S, =thei-th choiceset,i =1,2,..., N.

e n;,, = number of treatment combinations which have zero at the h-th position in the choice
set Sy, .

Lemma 4.9. For N choice sets Sy,,, . .., Smy, trace(m 2BAB’ =4 Z Z np, (m — np,)
=1 h=1

Proof. From Corollary (4.8), every choice set S,,, adds a value 4 Z np, (m—ny,) to trace(m? BAB').
h=1

Therefore, for N choice sets tmce(szAB =4 Z Z np,(m —np,) O

=1 h=1
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Lemma 4.10. Maximum of trace(m*BAB') is attained when

m if m even
2
e 1 1
m- orm+ if m odd

2 2

for every position h and for every choice set Sy,,.

Proof. Maximum of trace(m®BAB’) is attained when every choice set S,,, in the experiment
contributes maximum value towards trace(m*BAB’). Each choice set S,,, will contribute max-
imum value if and only if every h-th position of its treatments contribute maximum value to
¢, Lemma 4.7 says that if S,,. has nj,, zeros at the h;-th position of its treatments then it
will add a value 4ny,,(m — ny,) to trace(m* BAB'). We want to maximize 4n;,(m — ny,) for
np,. Let f(ng,) = 4np,(m — ny,) and let ky be the point at which the function attains its
maximum. Then, f(ko — 1) < f(ko) implies 4(ko — 1){m — (ko — 1)} < 4dko(m — ky), or
m(ko — 1) — ko(ko — 1) + (ko — 1) < mko — k2, or 2kg —m — 1 < 0. Thus,

ko< ML (4.8)
9
Also, f(ko) > f(ko + 1) implies
1
mzmQ (4.9)

Since ky only takes integer value, therefore from (4.8) and (4.9) we conclude that f(ny,) is

-1 1
maximum when (1) ny,, = mn 5 or ny, = % (for m odd) and (i1) ny, = % (for m even).

Hence the proof.

]
Lemma 4.11. For N choice sets of size m, the upper bound to tmce(m2BAB' ) is

Nnm? for m even
2 N <
trace(m”BAB') < { Nn(m* —1) form odd
Proof. From Lemma 4.9 and Theorem 4.10 we can say that trace(m®BAB’) will be maximum
if and only if each n,, = ko for every h and every i. Therefore, for m even, ky = % and
N n m m N n m2
trace(m’BAB) <43 )" (§> (m _ _> =437 " = Num?. Also, for m 0dd, ky =
i=1 h=1 i=1 h=1
N n
—1 1 +1 +1 21
™=l ot T2 and trace(m* BAB') < 4 MEN (-0 =y m
2 2 : 2 , 4
i=1 h=1 i=1 h=1
= Nn(m? —1). O

N n
=1
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Thus an upper bound of trace(C') is established under both R(1,2) and R(1, 1) models and
is summarized as

Theorem 4.12. Under model R(1,2), with N choice sets of size m, an upper bound to trace(C)
is

N
2_n for m even
1 n
trace(C) < 2—nt7’ace(BAB’) < )
N 21
Nnlm” = 1) odd
2"m?

with equality attaining when the following two conditions are satisfied:

— if m even

1
5 or 5 if m odd

for every position h and for every choice set S,,, and

i1) BAB(y) is null matrix, i.e., forh € {1,...,n},k € {n+1,...,n+ (Z) b N =N

Proof. From (3.4), trace(2"C) = trace(BAB') — trace(BAB|y)[B2yABy)|” By AB'). Thus,

noting that BAB(y)[B2)AB(y)]” B2)AB' is a non-negative definite matrix, the proof follows from
Lemma 4.4, Lemma 4.10 and Lemma 4.11. O

Theorem 4.13. Under model R(1,1), with N choice sets of size m, an upper bound to trace(C)
is

N
2_n for m even
1 n
trace(C) = 2—ntmce(BAB’) < :
N 21
Nnlm” =1) o m odd
2"m?2
with equality attaining when
m if m even
2
e 1 1
m- or mt if m odd

2 2

for every position h and for every choice set Sy,,.

For m = 2, it follows from the following Theorem that the maximization of ¢trace(C') under
model R(1, 1) implies BAB(y, is a null matrix.

Theorem 4.14. For m = 2, let F}, be a main effect and F}, a two-factor interaction effect. Then,
BABEQ) is a null matrix if for every choice set S,,1 = 1,..., N, either (a) n,, = 1 for every
position h or (b) ny,, € {0,2} for every position h.
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Proof. Note that for any pair (7}, T}), since for every position h and for every choice set Sy, we
have n,, = 1 or ny, € {0, 2}, the h-th and k-th positional value, corresponding to main effect F},
and two-factor interaction effect Fy, is either (7,0, ,0)nx or (in1, jn1)nk. The result then follows
from Case 2¢ of Lemma 4.2 and Lemma 4.4 since V. }; =N, =0. 0

Remark 4.1. For given N and n, with respect to maximum of trace(C'), (i) all designs with m
even are equivalent and (ii) a design with m odd is always inferior to a design with m even.

S Construction of Universally Optimal Designs

The criteria of universal optimality was introduced by Kiefer (1975) and is a strong family
of optimality criteria which includes A—, D—, and E'— criteria as particular cases.

Let W, denote the class of positive definite symmetric matrices of order p. A design d* € D
is universally optimal over D if d* minimizes ¢(Cy),d € D for any ¢ : W, — (—o00, 00| satistying

1. ¢is matrix convex, i.e., p{aCi+ (1 —a)Cs} < ag(Cy)+ (1 —a)p(Cy) for C; € W, i = 1,2
and 0 < a <1,

2. ¢(bC) is non increasing in the scalar b > 0 for each C' € W,

3. ¢ is invariant under each simultaneous permutation of rows and columns of C'in W),

Kiefer (1975) obtained the following sufficient condition for universal optimality.

Suppose d* € D and C satisfies (a) Cy~ is scalar multiple of I, i.e., Cq» = o, and (b)
trace(Cy+) = maxqep trace(Cy), then d* is universally optimal in D.

We now provide few simple methods for constructing universally optimal designs for a 2"
choice experiment with choice set size m under models R(1,2) and R(1, 1). Our characterization
of the Information matrix facilitates construction of universally optimal choice designs giving more
flexibility for choosing m. Let Dy, ,,, be the class of all connected 2" choice designs involving
N choice sets of size m each. In view of Remark 4.1, for m = 2, we first provide a simple
construction of universally optimal designs under the model R (1, 2).

Theorem 5.1. Let n = 4t — j, where t is a positive integer and j = 0,1,2,3. Also, given a
Hadamard matrix H of order 4t, let 7, = H and Zy = —H. For w = 1,2, let A,, be respective
matrices obtained by replacing —1’s by 0 and deleting rightmost j columns from Z,, where 7 =
4t —n,j € {0,1,2,3}. Consider each row of A, as treatment combination. Then under R(1,2),
the design Dy = (A1, As) is universally optimal 2" choice design in Dy ,, 5.

Proof. To prove that this construction gives universally optimal choice design, we will show that
the C-matrix of the design is of the form a/,, where « is a constant and trace(C') is maximum.
Therefore, first we show that every (h, k)-th element of the C-matrix is zero, where A < k and
(h,k) € {1,2,...,n}. For design D;, we first calculate N, and N,; (h, k) € {1,2,...,n}.
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Since H is a Hadamard matrix of order 4¢, for any two columns h and k of A, the com-
binations from the set {(00)nx, (11)n,} and from the set {(10)xx, (01)n} occurs equally often.
Therefore, it is easy to see that for the design Dy, N, = N, for (h, k) € {1,2,...,n}.

The construction of design D, also ensures that n;,, = 1 for every position h and for every
choice set. Therefore, using Theorem 4.5 and Theorem 4.14 it follows that the C'-matrix has oft-
diagonal elements zero. Also, using Theorem 4.12 and Theorem 4.14 we can say that the diagonal
elements of C-matrix are equal and trace(C') is maximum for the design. Thus the designs D; is
universally optimal 2" choice experiment. 0

Next, not restricting to m = 2, we give a construction of universally optimal designs under
the model R(1,1).

Theorem 5.2. Let n = 4t — j, where t is a positive integer and 7 = 0,1,2,3. Also, given a
Hadamard matrix H of order 4t, let foru = 1,2, ..., 4t, H, be the Hadamard matrix derived from
H by multiplying the u-th column of H by —1. Let 71 = H,Zy = —H, Zyy11 = Hy, Zoyio =
—H,. Forw =1,2,...,2n + 2, let A,, be respective matrices obtained by replacing —1’s by 0
and deleting rightmost j columns from Z,,, where j = 4t — n,j € {0,1,2,3}. Consider each row
of A, as treatment combination. Then under R(1,1), Dy = (A1, As), Dy = (Ay, A, A3), Dy =
(A1, Ay, As, Ay)y ooy Dopao = (A1, Ag, Az, Ay, . .., Agyio) are universally optimal 2" choice de-
sign in Dy form = 2,3,4, ..., 2n + 2, respectively.

Proof. To prove that this construction gives universally optimal choice design, we will show that
the C-matrix of the design is of the form a/,,, where « is a constant and trace(C) is maximum.
Therefore, first we show that every (h,k)-th element of the C-matrix is zero, where h < k
and (h,k) € {1,2,...,n}. Note that the design D,, consists of the component pair designs
{(As, As),1 < 6 < & < w}. We denote the component pair designs of D,, by D3 1 < § < §' <
w. We will now calculate N, and N,, for the design D,,,w = 2,...,2n + 2.

Since H is a Hadamard matrix of order 4t, for any two columns A and & of A,,, the combina-
tions from the set {(00)xx, (11)xx} and from the set {(10)nx, (01)n} occurs equally often. There-
fore, in every component pair design Dy, 9" itis easy to see that N(&;,)hk = N(’&;,)hk, 1<d<d <w,

where N (65" hk is the total number of pairs of the type (00, 11), corresponding to h-th and k-th po-

)h
sitional values in D% ", and N (65")hk is the total number of pairs of the type (01, 10),, corresponding

to h-th and k-th positional values in fo/. In other words, for the design D,,, V. ﬁ: = Ny,

Using the result of Theorem 4.5 it thus follows that the C'-matrix has off-diagonal elements
zero for the design D,,,w = 2,...,2n + 2.

The construction also ensures that n,, = m/2 for D,,’s with m even, and nj,, = (m —1)/2

r (m + 1)/2 for D,’s with m odd, for every position h and for every choice set. Therefore
using Theorem 4.13 we can say that the diagonal elements of C-matrix are equal and trace(C') is
maximum for the design. Thus the designs D,,, w = 2,...,2n + 2 are universally optimal design
form = 2,3,...,2n + 2 respectively for a 2" choice experiment. O

Remark 5.1. The construction as provided in Theorem 5.2 can be extended to allow further in-
crease in the choice set size by considering distinct Hadamard matrices H,, derived from H by
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multiplying any s columns of H by —1, s = 1,2, ...,2t. Though such a flexibly may allow having
m large, it is desirable to select those H, which minimizes repetitive sets of options within the
constructed choice sets.

Remark 5.2. For m = 4, the construction as provided in Theorem 5.2 is also universally optimal-
ity under the model R(1,2). Starting with the Hadamard matrix H in normal form, corresponding
to(Zy=H,Zy=—H,Zy = H, Z, = —H,), the choice design is D} = (A1, Ag, Az, Ay). Then,

forhe{l,....n},ke{n+1,...,n+ (Z) }, because of Theorem 4.14 and the Hadamard prop-

erty of H, it is seen that either N&mhk = Nssnme = 0 or 2t for (0, 8 =1(1,2),(1,3),(2,4),(3,4),
i.e., for each of the component pair designs (A1, As), (A1, As), (As, Ag), (A3, Ay). Furthermore,
for (6,8") = (1,4),(2,3), the respective component pair designs (A1, Ay) and (Ay, A3) have

N(—ng’)hk = Nigym, = O0or2t forall h € {1,...,n}, k€ {n+1,...,n+ (Z)} except (h, k)

corresponding to F}, the h-th main effect, and F}, the two factor interaction involving the first fac-
tor and the h-th main effect factor, h = 2,3, ... ,n. For such (h,k)’s, Ny = N(Eg)hk = 4t, and
N(J{ DhE = N(Eg)hk = 0. Therefore, from Lemma 4.4 it follows that BAB@ is a null matrix. The
rest follows from Theorem 5.2 in establishing that the design D} is universally optimal in Dy ,, 4

under the model R(1,2).

Remark 5.3. In view of Remark 4.1, for given N and n, it follows that a universally optimal
choice design in Dy ., 2 is also universally optimal in a more broader class of all connected 2"
choice designs involving N choice sets and arbitrary m.

Example 5.1. Consider a 2277 choice experiment (j = 0, 1,2, 3) conducted through 8 choice sets
of size 4 each. The 28 (j = 0) choice design Dj (as below), under the model R(1,2) (as well as
under the model R(1,1)), is universally optimal in Dg g 4.

(11111111, 00000000, 01111111, 10000000)
(10101010, 01010101, 00101010, 11010101)
(11001100, 00110011, 01001100, 10110011)
(10011001, 01100110, 00011001, 11100110)
(11110000, 00001111, 01110000, 10001111)
(10100101, 01011010, 00100101, 11011010)
(11000011, 00111100, 01000011, 10111100)
(10010110, 01101001, 00010110, 11101001)

Deleting the last j factors we get the corresponding universally optimal design in Dgg_; 4,
under both R(1,2) and R(1,1). Also, taking the first 2 elements from each choice set we get the
design Dy which is universally optimal in Dgs_; 2 (7 = 0,1, 2,3), under both R(1,2) and R(1, 1).
Finally, taking the first 3 elements from each choice set, under the model R(1,1) we get the design
Ds which is universally optimal in Dgg_;3 (j = 0,1,2,3).
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