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Abstract

The proportion of people bearing a stigmatizing characteristic is usually estimated
utilizing survey data gathered through randomized response techniques. Using such data it is
shown how alternatively the population mean of the unknowable prior probabilities
assignable to the people anticipated to bear such a sensitive characteristic may be estimated
promisingly with an empirical Bayesian approach.
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1. Introduction

Empirical Bayes estimation of finite population proportion of a sensitive characteristic
using Warner’s (1965) Randomized Response(RR) data was initiated by Winkler and
Franklin (1979) by postulating a Beta prior probability distribution. Pitz (1980) extended this
method to Simmons’(1969) RR model. Following this, there have been several published
works regarding this all of which are based on the assumption of a Beta prior or a truncated
Beta prior distribution and the selection of units is according to Simple Random Sampling
With Replacement. Chaudhuri and Christofides (2013) in their monograph illustrated a new
procedure to estimate a finite population proportion of a sensitive characteristic using
Warner’s RR data by applying empirical Bayes approach when the units are sampled from a
finite population using a general sampling scheme. In this paper, the above mentioned
method is extended to Warner’s (1965) follow-up Randomized Response Techniques
(RRT’s), which are Kuk’s (1990), Christofides’(2003), Mangat and Singh's (1990), Forced
Response, Unrelated Question and Hussain and Shabbir’s(2009) Models. Comparison of the
present method with the original method of estimation has been reported, when applicable.

Consider a finite population denoted by U=(1,2,...,i,...N) of N units. A sample s is
chosen from U with a pre-assigned probability p(s) with first order inclusion probability z; =
Y55 P(5)>0 V i and second order inclusion probability zij=).s5;; p(s)>0 V i#.

Let y; = 1 if unit i bears a stigmatizing characteristic A

= 0 if i bears the complement of A.

Ep and Er denote the design and RR based Expectation operators.

Vp and Vg denote the design and RR based Variance operators. Also, E = EREp = EpEg and
V = VgEp + ERVp = VpER + EpVR
are overall Expectation and Variance operators respectively.
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Let us describe a method of empirical Bayes estimation using RR data obtained from
Warner’s(1965) RRT.

A box containing similar cards marked A and A°® in proportions p(# 0.5) and (1-p)
respectively is provided to a sampled person i. The participant’s response is:
= 1 if the card type drawn by i matches his/her characteristic
= 0 if there is no match

Then r; = i=G=P) (1.1)

2p-1

IS an unbiased estimator of y; such that Eg(ri)=y; and

V() = 2B = ug(r), (1.2)

vide Chaudhuri (2011).
Let L; be the prior Prob [y; = 1]

PlI;=1]y;=1]L;
PlI;=1ly;=1]L;+P[I;=1]y;=0](1-L;)

Li(1) = Posterior Prob [y; = 1|I; = 1]=

— pL; — pL; 1 _1-p, 2p-1
T pLi+(1-p)(1-Ly)  (1-p)+@2p-1)L; which leads to Li(1)  pL; * P
. _1-p( 1 2p-1\!
giving L; = > (_Li(l) - ) . (1.3)

By using a somewhat simplified empirical Bayes approach, r; can be taken as an
estimator of Lj(1) and hence,

) as

1

-1
1 1-p 2p—
= (— - ) where ¢a=— and f=——
Ti 'B p 'B p

= a( LB) such that Eg(L; ) =L

Expanding L; (=f(r;)) about L; (=f(L;(1)) using Taylor’s Expansion and neglecting higher
order terms we get, L; =L;+ %f(ri) lri=L,c0 (i — Li (1))

a
=Li "‘m (r; = Li(1)).
SO, VR(LL) = m VR(r) (15)
N — p3(1-p)3
Hence, Vx(L;) = W (") = oG vr(Ly). (1.6)

Now putting the expression for r; in the expressions of L; and ?R(Ei), it is seen that L;
and Vy (Ei) do not exist, making numerical calculations impossible.

Proceeding similarly as above,

_ . _ P[1;=0]y;=1]L;
Li(0) = Posterior Prob[y; = 1|I; = 0]= P[Il:o|yi=1]Li+P?]Ii=0|3’i=0](1_Li)
(A-p)L;

"~ p+(1-2p)L;
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_p (1 1-2p\71
~ _p (1 1-2p\ 1!
L=t (T_i - H) . (1.8)
Er(L;) =L
A~ ~ 3 3
Ve(L;) = (1-p) = vp(Ly)- (1.9)

[(1- P)+h(2p D]*(2p-1)2

Now putting the expression for r; in the expressions of L; and VR(Li), it is seen that L;
and VR(Zi) do not exist, making numerical calculations impossible.

So, the above empirical Bayes estimation method is not applicable with Warner’s RR

device.

But it may be interesting to examine how the method may work out with other RRT’s
like Kuk’s (1990), Christofides’(2003), Mangat and Singh’s (1990), Forced Response,
Unrelated Question and Hussain and Shabbir’s (2009) Models.

2.(a) Kuk’s Model: Two boxes containing red coloured identical cards in proportions p; and
p2(# p1), the remaining cards being non-red are provided to a sampled person i. If i bears A
then he/she is to draw K cards by SRSWR method from the first box; otherwise from the
second one, but the investigator should not be informed about the box used by i. The
participant’s response is l;=f;, number of red cards out of the K cards drawn.

Then r;

=D
- zi{l—pzz (2al)

is an unbiased estimator of y; such that Eg(r;)=y; and

Vi(ri) = =

2 I p2(1-p2) (2.3..2)

K(p1-p2) 7' K(p1-p2)?

and Vg (ry) = vp ()= =22z 4, 4 P2(7P2) (2.2.3)

K(p1-p2) ' K(P1-p2)?

vide Chaudhuri (2011).

Let L; be the prior Prob[y; = 1]

Li(f;) = Posterior Prob[y; = 1|I; = f;]= Pli=filyi=1]L;

PlIi=fily;=1]Li+P[I;=f;ly;=0](1-L;)

[P1f‘(1 p1)k fi ]Lz

[plfl(l pk fL]L +[P2f‘(1 Pk f‘](l Ly)

[p1/i(1-pTi]L;

[szi(1—P2)k_fi]+[P1fi(1—p1)k_fi—p2fi(1—p2)k_fi]Li

1

which leads to

. _f. . _f. fi _f.
sz‘(l—Pz)k fi P1f‘(1—P1)k fl—Pz l(l—Pz)k Ji

L) [ i-p)* L, p1fi(1-py)* i
-1
.- fit—p*Ti [ 1 pfi(t=p )k Timp,  {(1—py)kfi
iving L, =22 2 _ D 1 2 2 . 2.a.4
g g L; plfi(l_pl)k—fi Li(fD plfi(l—pl)k_fi ( )
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By using an empirical Bayes approach, r; can be taken as an estimator of L;(f;) and hence,

-1

. _f. . _f. fi _f.

7= pfi(1-p )k T 1 pfi1-p)* Ti—p," {(1-p)k /i
PopJia-p)R i\ pfi-p)k 7

(2.a.5)

-1 fi(1=py)k~Fi Fi(i=p)*~Fimp, i(1—p, )T
1 i(1 i i(1 i 1 i
—a (_ _ ﬁ) ,Where azpzf.( Pz)k_f. and ﬁ:P1 ( P1)f' D2 k—(f- P2)
Ty p1’ i(1-p)"7i pa i(1-p)*7i

=« (1_2 B) such that Ex(L;) = Li.

Expanding L; (=f(r;)) about L; (=f(Li(f;)) using Taylor’s Expansion and neglecting higher
~ p]
order terms we get, L; =L+ a_rif(ri)l'ri:l'i(fi) (ri — Li(f))
— . a ' — . .
Lt agope (1~ L)

a?

S0, VR(L) = T VR(T) (2.2.6)
~ A ~ 2 2f; Zfi(l_p )Z(R—fi)(l_p )Z(R—fi) 1-p,—p

I.) = )= e r) = P17/ ip2 1 2 17P2 .
VR( l) UR( l) (1-r;B)* UR( I) [plfi(1—p1)k_fi(1—7‘i)+7‘ip2fi(l—pz)k_fir [K(pl—pz) it
p2(1-p3) (2 3 7)

K(p1—p2)%l

Er(vr(L)) = Va(Ly).

2.(b) Christofides’ Model: A box containing M(= 2) identical cards marked 1,2...,j,..., M
in proportions p1, Pz,....p;,....Pm such that Z;‘.”zl p;=1. A sampled person is asked to choose a
card and report the value (say K) if he/she bears A®; otherwise M+1-K is to be reported

without disclosing the original value obtained in the card. The participant’s response is :
zi = (M+1-K)y; + K(1-yi), K=1.2,....M.

Consider YX_, Kpx=p and X¥_, K?px — u? = a2
Then
M=o 2.b.1)

T M+1-2u
IS an unbiased estimator of y; such that Eg(ri)=y; and

0.2
VR(ri) = M1-20)7

vide Chaudhuri (2011).
let L; be the prior Prob[y; = 1]

—_— (2.0.2)

P[zi=K|yi=1]Li
Plz;=K|y;=1]L;+P[z;=K|y;=0](1-L;)

Li(K) = Posterior Prob[y; = 1|z; = K]=

_kgL; _xL; . -
— PM+1-KLi - PM+1-KLi which leads to — PK PM+1-K—PK
PM+1-kLi+Pk(1-L;) DPr+PM+1-k—DKILi Li(K) Pm+1-kLi PM+1-K
-1
P PK 1 PM+1-K—PK
iving L; = ( — ) : 2.b.3
g 9 Li Pm+1-k \Li(K) PM+1-K ( )
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By using an empirical Bayes approach, r; can be taken as an estimator of L;(1) and
hence,

~ _ -1
i,= Pk (i_ PM+1-K PK) (2.b.4)

PM+1-K \Ti PM+1-K

-1
1 -
=a (— - ﬁ) , where @ = —2X—and f = 2K PK
T PM+1-K PM+1-K

=a (;ﬁ) such that Ex(L;) = L.

Expanding L; (=f(r;)) about L; (=f(Li(K)) using Taylor’s Expansion and neglecting
higher order terms we get, L; =L;+ %f(ri)hi:“(m (r; — Li(K))

a

=L+ ome i — LK)
N 2
80, Va(Ly) = o VR(T) (2.b.5)
V(L) = va(ly) = —%— vp(r) = —DACRMr1K” o’ (2.b.6)
RA™ RAMI T (—rip)t "RYV T [ppgga_ k(-1 +ripg]* (M+1-2p)2 o

Er(ur(L:) ) = Vr(Ly).

2.(c) Mangat and Singh’ Model: A box containing identical cards marked T and R in
proportions p; and (1-p;) respectively and another box containing A and A€ in proportions
p2(# 0.5) and (1-p,) respectively are provided to a sampled person i. If a ‘T’ marked card is
chosen from the first box then i reports the true value y; and if an ‘R’ marked card is chosen
then i chooses another card from the second box and reports 1 if there is a match otherwise 0
without disclosing the box number. The participant’s response is:

Zi = y; if the card chosen from the first box is marked ‘T’
= | if the card chosen from the first box is marked ‘R’

where I; = 1 if the card type drawn from the second box matches the individual’s
characteristic
= 0 if there is no match

- zi—(1-1)A-p)
Thenr;= e Er— (2.c.1)

IS an unbiased estimator of y; such that Eg(ri)=y; and

_ a-T)A-p)[T+p(1-T)] _
Vr(ri) = T (1_";) (z;imz = vg(r), (2.c.2)

vide Chaudhuri(2011).
let L; be the prior Prob[y; = 1]

Plz;=1ly;=1]L;
P[Zi=1|Yi=1]Li+P[Zi=1|yi=0](1—Li)

Li(1) = Posterior Prob[y; = 1|z; = 1]=

_ [T+(1-T)plL; _ [T+(1-T)p]L; .
T T+A-DplL+H(A-T)A-p)(A-L)  A-T)A-p)+[T+(A-T)(2p-D]L; which leads to
1 __ a-Da-p) | [r+a-nEp-1)l
Li(1) [T+(1-T)plL; [T+(1-T)p]
. _a-na-p( 1 [T+a-mEep-n)\!
gving Li = i hp) (Ll-(l) [T+(-T)p] ) (2.¢.3)
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By using an empirical Bayes approach, r; can be taken as an estimator of L;(1)
(1-T)(1-p) ( 1 [T+(1—T)(Zzo—1)])‘1
[T+(1-T)p] \r [T+(1-T)p]

_ (L \7* 1-T)(1-p) (1-T)(1-p)
_a(ri ﬁ) , where = rra-np] and '8_ [T+(1-T)p]

Hence, L;= (2.c.4)
= a ({2 such that Er(L,) =L.

Expanding L; (=f(r;)) about L; (=f(Li(1)) using Taylor’s Expansion and neglecting
higher order terms we get, L; = L; + %f(ri)hi:Li(l)(ri —L;(1))

- m< ~ L)
So, VR(L) = m R(r) 2 2 2 (2C5)
N - @1-M*A-p)*[r+(1-T)p] @-1)A-p)[T+p(1-T)]
Hence, Ve(L:) = W Ur(f) = e -m@p- DI T GEp-DF (2¢6)

Now putting the expression for r; in the expressions of L; and Vx(L;), it is seen that L;
and Vg(L;) do not exist, making numerical calculations impossible.

Proceeding similarly as above,

_ . _ Plzi=0ly;=1]L;
Li(0) = Posterior Prob[y; = 1|z; = 0]= P[zi=0|yi=1]ZLi+P[zli=O|yi=0](1—Li)

_ (1-T)(1-p)L; _ (1-T)(1-p)L; .
T DAL T (-TplaL) - T+a-Tpila-Ta-zp) -]z, WWhich leads to
1 — T+(1—T)p [(1—T)(1—2p)—T]
Li(0) (1-T)(1-p)L; (1-T)(1-p)
_T+a-Dp (1 [a-Da-2p)-TI\7!
giving L; = =0 p)( Lo  a-Da-p) ) ' (2.c.7)

By using an empirical Bayes approach, r; can be taken as an estimator of L;j(1).

T+1-T)p (1 _ [1-T)a-2p)-T]\ 7!
(1-1)(1-p) (r (1-T)(1-p) ) (2.c.8)

o (L_ - _ T+(1-Tp _ [-1)(a-2p)-T]
- (ri d ) Where @ = & a2 P = T a e
= (=

Expanding L; (=f(r;)) about L; (=f(L;(0)) using Taylor’s Expansion and neglecting higher
order terms we get, L; =L;+ if("i)|ri=Li(o) (r; — Li(0))

=Li +——— (r; — L;(0))

Hence, L;=

ﬁ) such that Er(L,) = Li.

(1-L;(0)B)?
So, VR(LL) = m VR(r) (209)
N — (1-7)2(1-p)?[T+(1-T)p]? A-T)A-p)[T+p(1-T)]
Hence, V(L;) = B)‘* vg(r) = [(A-T)(1-p)-r{(1-T)1-2p)-T}*  [T+(1-T)(2p-1)]? (2.¢.10)

Now putting the expression for r; in the expressions of L; and V (Ll-), it is seen that L; and
Vr(L;) do not exist, making numerical calculations impossible.
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2.(d) Forced Response Model: A box containing identical cards marked “Yes”, “No” and

“Genuine” in proportions p:1(>0), p2(>0) and (1-p1-p2) respectively such that p;+p,<1, is

provided to a sampled person i. The person is to reply “yes” if a ““Yes” marked card is drawn,
no” if a “No” marked card is drawn and genuinely says “yes” or “no” accordingly as he/she

bears A or A, if a “Genuine” marked card is drawn. The participant’s response is:

li = 1if i responds “yes”

=0 if i responds “no”

R i 1
Thenr; = Fem—— (2.d.1)
is an unbiased estimator of y; such that Eg(ri)=y; and
_P1(1-p)+yi(1-P1-P2)(P2—P1)
V() = L (2d2)
T _ _ P1(A-p)+7i(1-P1—P2) (P2 —P1)
and Vg (1) = vp(ry) = PP —PL e (2.d.3)

vide Chaudhuri (2011).
let L be the prior Prob [y; = 1]

_ : _ PI;=1|y;=1]L;
Li(1) = Posterior Prob [y; = 1|I; = 1]= P =1l =1L Pl=1ly =0l LD

- (1-p2)L; — (1-p2)Li
(1-p2)Li+p1(1-L)) p1+(1-p1-D2)L;

1 — P1 (1-p1-p2)
Li(1) (A-p2)L; (1-p2)

which leads to

-1
ng L; = 21 1 (A-pi—p2) _ 2.d.4
giving 1-p2) (Li(l) 1-p2) ) (2.d4)

By using an empirical Bayes approach, r; can be taken as an estimator of Lij(1) and

hence,

A _ v (1 (-pi-p)\ 7!

Ll - (1-p2) (T (1-py) ) (2d5)
o (L_ _(1-p1-p2)

—a (Ti [3) , Where a=——— ( nd = T

=a (1—rlﬁ) such that ER(LL) = L.

Expanding L; (= f(r;)) about L; (=f(Li(1)) using Taylor’s Expansion and neglecting
higher order terms we get, L; =L; + if(ri)|ri=Li(1) (r; = L;y(D))

i m( ~ (@)
So, VR(LL) = m VR(r) (2d6)
_ N — p12(1-p;)? p1(1-p)+7i(1-D1—P2) (P2~ p1)
Hence, VR(L) 5)4 R( I) _[(1—272)—7”1'(1—271—1’2)]4 (1-p1-p2)? (2d7)

Er(r(Ly)) = VR(Li)-
Proceeding similarly as above,



108 PURNIMA SHAW AND ARIJIT CHOUDHARI [Vol. 15 Nos.1&2

P[1;=0]y;=1]L;
Li(0) = Posterior Prob[y; = 1|I; = 0]= P[I1;=0]y;=1]L;+P[I;=0]y;=0](1-L;)
p2L; p2L; . 1 (1-p1) , (p2+p1—-1)
= : = : which | =
p2Li+(1-p1)(A-L;) (A-p)+@2+p1—1L; ch leads to Li(0) p2Li D2
o _A-p) (1 (z+pi—1D\ !
giving L, ==-17 (Li(o) P2 ) ' (2.d:8)

By using an empirical Bayes approach, r; can be taken as an estimator of L;(0) and

hence,

& _(-p) (1 (atpi-D\ 7!
L= G- ) 249

-1 B B
=a (% - B) ,where g = £ ang g = PztPazl)

p2L; D2

=« (1_r ,/3) such that ER(L ) =L

Expanding L; (=f(r;)) about L; (=f(L;(0)) using Taylor’s Expansion and neglecting higher
order terms we get, L; =L+ if(Ti)|ri=Li(0)(Ti —L;(0))

=L +———— (1; — L;(0))

(1-L;(0)3)?
So, VR(LL) = m R(r) (2d10)
— _ p22(-py)? p1(1-p1)+7i(1-p1-Dp2) (P2 191)
Hence, Vr(Li) = G vr(t) =5 e oo (1-p1-p2)? (2.d.11)

Er(ur(L;)) = Vr(Ly).

2.(e) Unrelated Question Model: This RRT is used when both A and AC are sensitive. In
addition to yi consider xi which takes value 1 if an individual i bears a predecided innocuous
characteristic and 0 if not. There are two boxes of which the first one contains identical cards
marked A and B(any innocuous characteristic) in proportions p1 and (1-p1) respectively and
the second box contains identical cards marked A and B in proportions p2(# p,) and (1-p2)
respectively. An individual i chooses a card from the first box and another card from the
second box. From Chaudhuri (2011), the participant’s response is:

= 1 if the card type drawn from the first box matches i’s characteristic
= 0 if there is no match and,

Ji = 1if the card type drawn from the second box matches i’s characteristic
= 0 if there is no match

Then ri = (1-p)1;—(1-p1)J; (281)
P1—DP2

is an unbiased estimator of yi such that Eg(r;)=y; and

Vi(ry) = SRR BRI (), 2 (2e.2)
and Vg(r) = vg(r)=ri(ri-1) (2.e.3)

vide Chaudhuri (2011).
Let L; be the prior Prob [y; = 1]
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i - P1P2L;
LI(111) (1-p)(A-p)+ (1 +P2—1L;

P _ (1-p1)(A-p2) 1 (atp2-1) -1
giving L; = p1P2 (Li(l,l) p1P2 )
~ _(1-p)(1-pp) (1 _ (P1+p2—1))_1

L P1Db2 Ty P1Db2

_1 _ _
_ a(i—ﬁ)  where a:(l p1)(1 pz) ﬁ_(P1+P2 1)
Ti P1Db2 pP1P2

Er(L) = L

Ve(l) = G s V(R

p12p22(1-p1)?(1-p,)? —
Hence, VR(L) [P1p2-Ti(P1+P2—-D]* ( 1) UR(L)

Er(ur(Ly) ) = Vr(L;)

Proceeding similarly as above, Li(1,0) = —F22—P2)Li

(1-pp2+@1-P2)L;

(1-p1)p2 1 p1—D2 -1
iving L; = -
g g p1(1- Pz)( Li(1,0) Pl(l—pz))
~ _(-pyps (1 pi-p2 \ !
L. = -
Lopi(1-pp) (T P1(1—p2))

— 1 -1 _ (1-p)p2 _ _Db17D2
—a (r_i — [;) , Where a = o ap) and g = oy such that Er(L;) = L;

SO, VR(ZL) = VR(ri)

aZ
(1-L;(1,0)8)*

2(1-p1)*(1-pp)? (T
Hence, Vx(L;) = 1;11(’12 _— prl(pl ;2)4 r;(r; — 1) = vg(L;).

Er(ur(Ly) ) = Vr(L)).

o . B (1-p1)p2Li
s|m|IarIy, L,(O,l) T p1(1-p2)+@2-p1)L;

pl(l—pz)( 1 pps )_1
(1-pp2 \L;(0,1)  (1-p1)p2

giving L; =

> (1-p2) (1 P2—P1 -1
L‘ — P1 -
L @-pope (r (1—P1)P2)

1 _p1(1 Pz) _D2—D1
=a(—— , Where q=———== =
a(ri 'B) a= 1 —P1)P2 ﬁ (1-p1)p2

Er(L;) = Li.

So, VR(L;) = Ve(ri).

(1-L; (0 DA)*

p12p2%(1-p1)?(1-py)? — . (7
Hence, Vx(L;) = plz(lz - rl(pz p12)4 ri(r; — 1) = vg(L;).

Er(ur(L:)) = Vr(Ly).

109

(2.e.4)

(2..5)

(2.e.6)

(2..7)

(2.e.8)

(2.e.9)

(2..10)

(2.e.11)

(2.2.12)

(2.6.13)

(2.e.14)

(2..15)
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- _ (-pA-p)L;
Lastly, Li(0,0) = P1p2+(1-P1-P2)L;

- — P1D2 1 1-pi-p2 -1
giving L; = o= 5oy (Li(o,O) (1—p1)(1—p2)) (2.6.16)

T = P1D2 1 1-pi—p -1
Li= (1-p1)(1-p2) (Ti (1—p1)(1—p2)) ’ (2817)

(1 _ -1 —__ Dbip2 S
— (n p) . where ey remrs L LL Y cwrn Temrey

such that Eg(L;) =L;

a?

VR(L;) = a oo VR (2.e.18)
5 (7T — P1°p2*(1-p1)*(1-p2)? (v — 1) = 7
Hence, Va(L0) = (o sipm—rita—papop 101~ D) = va(L). (2.2.19)

Er(ur(L:) ) = Vr(Ly).

2.(f) Hussain and Shabbir’s Model: There are two types of boxes, the first type containing
identical cards marked A and A® in proportions pi(0.5)and (1-p1) respectively and the
second type containing identical cards marked A and A in proportions p,(0.5) and (1-p.)
respectively, such that the probability of choosing the first box is a and that of the second box
is b(=1-a). Originally Hussain and Shabbir (2009) have considered only the Simple Random
Sampling with replacement for the sampling of units but we can easily change the same into
the general sampling scheme. So, we can write the participant’s response as:

li = 1 if the card type drawn by i matches his/her characteristic
= 0 if there is no match

Er(l)=alp1y; + (1 —p) (A —y)] + blpy; + (1 —p2)(1 — y;)]
=1-ap,-bp,+(2ap; + 2bp, — 1)y;

Thenr; = liz(1-ap,—bp,) (2..1)
2ap1+2bpy—1

is an unbiased estimator of y; such that Eg(r;)=y; and
Vr(li) = Er(l)(1-Er(l))= (1 — ap, — bpz)(ap, + bpy).

_(1-ap;—bp,)(ap1+bp,)
Ve(ri) = (2alp1+22bpz—11)2 = = vp(n). (2£.2)

Let L; be the prior Prob[y; = 1]

_ ) _ PlI;=1|y;=1]L;
Li(1) = Posterior Prob[y; = 1|I; = 1]= TP TR — T
- (ap1+bp,)L;
(ap1+bp,)Li+(1-ap1—bpz)(1-L;)
_ (ap1+bp,)L;

~ (1—ap;—bpz)+(2apy+2bp,—1)L;

_ (1—ap,;—bp,) | 2ap;+2bp,—1

which leads to

Li(1)  (ap1+bpy)L; ap; +bp,
.. = (1—ap1—bpy) ( 1 Zap1+2bp2—1)_1
giving Ll (apy+bpz) \L;(1) ap,+bp; ' (2f3)
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By using an empirical Bayes approach, r; can be taken as an estimator of Lij(1) and

hence,

-1

=~ l1-ap,-b 1 2ap,+2bp,-1

i:( P1 pz)(__ D1 P2 ) (2f4)
(ap1+bpz) \r; ap;+bp;

2ap,+2bpy—1

1 (1-ap,-bp3)
= (— - ) , Where a=————=-and =
T 'B 'B ap;+bp;

(ap1tbpy)

= a () such that Ex(L)) = Li.
Expanding L; (=f(r;)) about L; (=f(Li(1)) using Taylor’s Expansion and neglecting higher

order terms we get, L; = L; + %f(ri) |7 i=L,00) (r; — L;(1))
l

=Lt one L(l)ﬂ)z( — Ly(1).

So, Vr(L;) = Vr(ri) (2.£.5)

(1-L; (1),3)4

R(ri) — (1-ap;—bpy)3(ap1+bp2)3 — UR(ZL') (2f6)

Hence, VR (L ) (2ap1+2bp,—1)2[ap,+bpy—1;(2ap,+2bp,—1)]4

[>’)4

Now putting the expression for r; in the expressions of L; and Vx(L;), it is seen that L;

and VR(ii) do not exist, making numerical calculations impossible. Proceeding similarly as
above,
(0 = . 11T = 0= P[I;=0]y;=1]L;
Li(0) = Posterior Prob[y; = 1|I; = 0] Um0y = 1L Pl1=0lyi=0l(i-L)
- [a(1-p1)+b(1-p2)]L;
[a(1-p1)+b(1-p2)ILi+(ap1+bp2)(1-L;)
— (1-ap1—-bp2)L;
(ap1+bp2)+(1-2ap;+2bpz)L;

1 (api+bpy) 1-2ap,+2bp,

which leads to =
Li(0) (1-api—bp,)L; 1-ap,—bp,

(apy +bpy) ( 1 _1—23P1+2bpz)_1_ (2.£.7)

iving L; =
g g (1—-ap,—bp3) \L;(0) 1-ap,-bp,

By using an empirical Bayes approach, r; can be taken as an estimator of Lj(0) and
hence,

-1

~ api+b 1 1-2ap1+2b

L= (ap1+bp2) (__ P1 pz) (2.£.8)
(1-ap1—bpz) \r 1-ap;—bp,

1 +b 1-2ap,+2b
—a (_ _ ,B) “where « = (@P1+bpa) g p=i2apit2by,
Ty (1 ap1—bps) 1-ap;—bp;

—q (1_Triiﬁ) such that Ex(L;) = Li.
Expanding L; (=f(r;)) about L; (=f(L;(1)) using Taylor’s Expansion and neglecting higher
order terms we get, L; =L; + %f(ri) |ri=r,0) (i = L;(0))
=L +

(1-L; (0)13)2 (ri = L,(0).
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So, Vr(L;) = Vr(ri). (2.£.9)

(1-L; (1),3)4

(1-ap;—bpz)3(ap;+bp,)3 *
R( i)_ ap1—bpy)~(ap;+bp; _ R(L)

Hence, VR(L ) - (2ap1+2bp,—-1)%[1-ap, —bp,—1;i(1-2ap; +2bp;)]* -

2
(1-r;p)*
(2..10)
Now putting the expression for r; in the expressions of L; and Vx(L;), it is seen that L;

and VR(Zi) do not exist, making numerical calculations impossible.

3. Estimation: So, an Empirical Bayes approach is used to estimate

L==%, L (3.1)
instead of 6 = —Zl 1 Vi

by taking r; as an initial estimator for Lj(R) where R is the vector of responses of a sampled
unit using an RRT.

L —%Zies% (3-2)
such that E(L) EpER(L) L, vide Chaudhuri (2011).

V= 7 7 N L j N Ll N VR(LL)
V()=VE(D)+EsV(l)= [z ) (e, ) (2= 2) + S0 g+ 31, @)

(Whereﬁl 1+ Z]#—‘I,T[lj Zliv=177:i)

If every sample s contains a common number of distinct units in it, then,

- 1 [yN v L Lj N Ve
vm—;[ S Gy — ) (2 -2+ 3, T ] (34)
AT (mimj-mij) (L; L 2 L -vr(L) vr(Ly)
U(L) - F[ZKZ]ES#(M - ni) + ZlESTﬁi +Zi€s | (35)
If every sample s contains a common number of distinct units in it, then,
7y - 1 (T[I.T[] 77:1]) Ll_LJ 2 UR(LL)
v() = [EKZJES—,IU (B-2) + 2 (36)

E((L)) = EpEr(v(L)) = V(L).

4. Numerical Calculations And Comparisons With The Original Estimation Method:

Data for 395 households in an Indian province called state Meghalaya from The Third
National Family Health Survey in India was extracted for the variable:
yi = 1 if the woman i of a household in Meghalaya had visited a health facility or camp
in the past 3 months and she felt that the facility was clean
= 0 if the woman i of a household in Meghalaya had visited a health facility or camp
in the past 3 months and she felt that the facility was not clean

Samples of size 73 were drawn each using the Hartley and Rao (HR)(1962) sampling
scheme in which a systematic sample by Probability Proportional to Size (PPS) method is
used after the random arrangement of the population units. The number of members in a
household to which i belongs were utilized as size measures. It is unnecessary to check if the
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size-measure variable is well-correlated with the y-variable or not as Chaudhuri (2011) has
discussed. He argues that a large-scale survey is implemented on taking a single sample is
used to estimate several parameters of which a few may relate to sensitive features. As
mentioned by him since an RR procedure is not “a sampling scheme-specific”, an estimation
method may be developed based on a general sampling scheme and using the RR’s realized
on hand. So, we illustrate employing the Hartley-Rao scheme as it is so well-known and
handy with several properties as are classically known.

We take only one sample selected by the Hartley and Rao (1962) method. We collect
the responses taking several combinations of RR device parameters of each of the RR devices
(a) Kuk’s RRT
(b) Christofides’ RRT
(c) Forced Response Model
for which L; and Vg (L;) exist.

We calculate: (1)the coefficient of variation,

v(@)
CVBayes:T 100 (4.2)
and compare this with
C:Voriginalz$ 100 (4.2)
1 ri
where e =+ %~ (4.3)

such that E(e) = EpERr(e) = 6 and

1 (mimj-mj) (r; 7 2 iZ—vR(ry) (ry)
v(e) = F[zkz,-a#(r—— L) 4 i O 4 3,200 (4.4)

TL'ij T TL’j T

If every sample s contains a common number of distinct units in it, then, for the original
estimator e of 6, an unbiased variance estimator is

(€)= B e P (5 )4 3 ) @5

such that E(v(e)) = EpEr(v(e)) = V(e).

Bayesian approach of estimation is better than the original method if CVgayes < CVoriginal

(2) the estimated efficiency (E) of the Bayesian approach of estimation with respect to the
original method.

Eoo—ve
Epo =47 100. (4.6)
Larger the Ep,, the better it is to use the Bayesian approach of estimation.

Performances of the procedures of ‘original’ and ‘empirical Bayes’ methods of
estimation are illustrated below for few RR device parameters of each of the RR devices (a),
(b) and (c) mentioned above. Other cases are not shown here. But these cases showing the
preferences in respect of CV and estimated Efficiency are noted within parentheses below in
the consecutive tables, which follow.
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Table 1.1: Findings:(1

PURNIMA SHAW AND ARIJIT CHOUDHARI

Comparison for Kuk’s RRT (K=5)

Parameters (p1,Pp2) | CVoriginal CVeayes
(0.45,0.62) 65.15 36.032
(0.59,0.43) 70.037 29.615
(0.39,0.65) 61.122 44.929
(0.64,0.40) 65.786 32.313
(0.60,0.35) 40.110 24.656
60% cases are favourable
Table 1.2
Parameters(ps, pz) v(e) u(L) Ezo
(0.55,0.45) 0.100 0.077 130.99
(0.46,0.53) 0.203 0.158 128.85
(0.70,0.64) 0.332 0.223 148.54
(0.70,0.75) 0.358 0.238 150.52
(0.64,0.69) 0.319 0.299 106.91
52% cases are favourable
Table 2.1: Comparison for Christofides’ RRT (M=3)
Parameters (p1, P2, P3) | CVoriginal CVeayes
(0.16,0.46,0.38) 80.59 15.04
(0.40,0.41,0.19) 66.59 29.42
(0.39,0.16,0.45) 59.55 22.00
(0.48,0.37,0.15) 42.78 27.67
(0.11,0.35,0.54) 35.25 21.49
59% cases are favourable
Table 2.2
Parameters(ps, p2, Ps) v(e) v(L) Ezo
(0.26,0.39,0.35) 0.263 0.193 136.34
(0.36,0.47,0.19) 0.052 0.011 486.32
(0.54,0.19,0.37) 0.062 0.027 230.25
(0.16,0.41,0.43) 0.026 0.023 114.16
(0.24,0.49,0.36) 0.144 0.092 155.80
55% cases are favourable
Table 3.1: Comparison for Forced Response Model
Parameters (p1, P2, P3) | CVoriginal CVaayes
(0.44,0.13,0.43) 43.77 29.78
(0.52,0.11,0.37) 61.24 18.03
(0.38,0.10,0.52) 164.44 47.27
(0.39,0.11,0.50) 95.08 43.60
(0.11,0.42,0.47) 151.35 37.76

86% cases are favourable

[Vol. 15 Nos.1&2



2017] Empirical Bayes Estimation Method in Some Randomized Response Techniques 115

Table 3.2

Parameters(pz, P2, P3 ) v(e) (L) Ezo
(0.35,0.52,0.13) 0.202 0.022 906.92
(0.53,0.11,0.36) 0.030 0.014 214.64
(0.50,0.07,0.43) 0.022 0.010 211.09
(0.47,0.45,0.08) 0.021 0.013 159.06
(0.22,0.42,0.36) 0.031 0.023 134.78
54% cases are favourable

Comparison for Unrelated Question Model: In the Third National Family Health Survey, it
was found that in 110 households in the state of Jammu and Kashmir, the respondent’s
(woman interviewed) husband consumes alcohol either very often (here assumed as
‘consumption of alcohol each day in a week’) or less often (here assumed as ‘not consuming
alcohol at least in one day of a week”).

Let y; = 1 if individual i drinks alcohol very often(A say)
= 0 if i drinks alcohol less often(A°)
xi = 1 if individual i prefers music to painting(B say)
=0 if i bears B

The number of members in a household to which i belongs were utilized as size
measures. Samples of size 23 were drawn each using the Hartley and Rao (1962) sampling
scheme (HR). Performances of the procedures of ‘original’ and ‘empirical Bayes’ methods of
estimation are illustrated below for few RR device parameters. Other cases are not shown
here. But these cases showing the preferences in respect of CV and estimated Efficiency are
noted within parentheses below in the consecutive tables, which follow.

Table 4.1:Findings

Parameters(p; , p2) CVoriginal CVeayes

(0.68,0.35) 40.24 26.96

(0.70,0.45) 44.46 30.54

(0.35,0.59) 46.05 29.66

(0.36,0.67) 49.27 25.21

(0.71,0.37) 22.15 15.04

52% cases are favourable
Table 4.2

Parameters(p: , pz) v(e) u(L) Ezo
(0.45,0.37) 0.169 0.049 340.86
(0.48,0.36) 0.064 0.023 280.04
(0.63,0.35) 0.031 0.025 125.18
(0.35,0.54) 0.059 0.025 230.79
(0.39,0.35) 0.942 0.138 684.77
69% cases are favourable
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5. Conclusion

Although the Bayesian approach of estimation of finite population proportion of a
sensitive characteristic does not work out with some RRT’s still the method is worth
consideration for the models with which it is applicable.
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